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Abstract

In this short paper, we give several new formulas for {(n) when n is
an odd positive integer. The method is based on a recent proof, due
to H. Tsumura, of Euler’s classical result for even n. Our results
illuminate the similarities between the even and odd cases, and may
give some insight into why the odd case is much more difficult.
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1 Introduction

Let ((s) be the Riemann zeta function. In [1], Tsumura gave an elementary
proof of Euler’s well-known formula

(_1)k;—122k—1ﬂ.2k:

C(2k) =

where k is a positive integer and {B,} denotes the sequence of Bernoulli
numbers. In this paper, we use T'sumura’s method to develop an ”Euler-
type” formula for ¢(2k + 1) analogous to (1.1) above.
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2 Preliminaries

For d > 0 and u € [1,1 + d], we let

2¢t > tn
=N g (w) =, 2.1
et +u ; On(u) n! (2.1)

We observe that ¢, (1) = E,(1), where E,(z) is the nth Euler polynomial.
If n is a nonegative integer and v > 1, we have

u) = —2 Z(—u)‘jj". (2.2)

When n is a negative integer, we take (2.2) as our definition of ¢,(u). It
is easily shown that ¢_;(1) = 21n2, and that

¢-m(1) = =227 — 1)¢(m) (2.3)

whenever m is an integer greater than 1. Finally, we note that for u > 1,

— (!d)n(u)l)l/n - % (2.0

n—00 n!

and thus the series in Eq. (2.1) converges absolutely for |t| < 7.
For any positive integer k, we have

Z (—u) " sin(nm)

0 = n2k
n=1
B = e
2k . '
(e.¢] . .
B (_1)J+1U7T2]+1
- ; 2(2j +1)! Daj1-24(v)
k-1 , ‘ .
(_1)JHU772H1 J+1u7r23+1
== - + ‘ ) u
jz:; 2(25 + 1)! Pajr1-2k( jZ: 2(2j + 1) Pajy1—2x(u)
k-1 , , .
B (_1)J+1u7r2j+1 m+k+1mr2m+2k+1
= 2(25 + 1)! Pajy1-ok(u) + Z 2(2m + 2k + 1)! Gomr1(u).

=0

.
O

In light of (2.4), we can now let u — 17, obtaining
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k-1 1)i+1 g2+ 1)k+1 2t g
n 2.5
JZ 22g+1 Oa+1-2n( +Z domr ey 20

where f,, = (_1)m7T2mE2m+1(1)-
Setting k£ = 1 in (2.5) and recalling that ¢_;(1) = 2In2, we have the
curious formula

2 m2m

m
In2 = Z 2m 3 B (1). (2.6)

=0

3 Main Results

We can use (2.3) and (2.5) to deduce the following theorem, which gives
((2k + 1) recursively in terms of In2, {(3),...,{(2k —1):

Theorem 3.1 For any positive integer k,

o2k _ - (=1)7% 2j—2k _ _ 9
(1—-2"2)¢(2k+1) = TS (2 1) ¢(2k — 25 + 1)
=1 ‘
_(_1)k7r2k In?2 N (_1)k7[.2k:+2 o0 (_1)m7r2mE2m+1(1)

1
2k +1)! > 2 emrzktay O

This result may be regarded as the analogue of equation (5) of [1], in
the sense that the infinite series above reduces to a single term if the Fy,, 1
is replaced by an FEs,,. This provides some perspective on the difficulty of
evaluating ((2k + 1) as opposed to ((2k).

When k£ = 1,2, and 3, Theorem 3.1 yields the respective formulas:

s 2t = (= 1) 2™ Eypyr (1)
(@) = ghi-= mzo em+5)l
_27? 870 o= (—1)™72™ Eyppyy1 (1)
B = 356 )_ﬁl nd 15;:0 @m+7)!
(1) = 1072 ()—QLC() 8 3278 S (= 1) By (1)

63 315 19845 63 = (2m +9)!
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If desired, we may express the infinite series in these formulas in terms of
the Bernoulli numbers, via the identities

2 22m+2 -1
Eom+1(1) = —Eop1(0) = <2m—+2>32m+2-
It is well-known that
2(2m + 2)!

| Bamya| <

(27T)2m+2 (1 _ 2—2m—1)’

and this implies that the mth term of the series in (3.1) is O(m=2F2).
Hence our result gives slightly faster convergence than the standard series
for ((2k + 1).

Building on Theorem 3.1, we now develop the following Euler-type
formula for ¢(2k + 1):

Theorem 3.2 Let f,, = 7™ (—=1)"Ea,,11(1). For any positive integer k,

(_1)k+17.[.2k:+2 > Pk(m)fm
(1 —2-2k) (2m + 2k + 3)!

C(2k+1) = (3.2)

m=0

where Pi(m) is a polynomial in m with rational coefficients, having degree
at most 2k. For k > 0, we have the recurrence:

k—1

(0 Rm) = g S ) (G T ) A - 5 39)

2(m+k +2) = 2m + 20+ 3

Proof. For ease of notation, we set Z(s) = $¢_(25+1)(1), noting that Z(0) =
In2 and Z(n) = (1 —272")¢(2n + 1) for any positive integer n. We may
rewrite (3.1) as

k _1)ig2 . _1)kg2k+2 X fn
Z(k>:_;i2ji—1)!z<k_3>+( )2 ;(2m+2k+3)!' (3.4)

If Z(k) = w2+25°%_ Pi(m) fm/((2m + 2k + 3)!1), we see from (2.6) that
Py(m) =1/2. For k > 0 we have
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i I o (m
Z(l{?) = —Z %W2k2]+22( By ]( )fm

—(2j+1 ~ (2m + 2k — 2j + 3)!
N (—1)k7r2k+2 o fm
2 — (2m + 2k + 3)!

k 0o

Pr._j(m)f,
L 2k+2 kJ m
m ZQ]—l—l'Z (2m + 2k — 2j + 3)!

(_l)koo fm
L 7;)(2m+2k—|—3)!

K B o fu
ZZ; 2k — 2l+1 Z(2m+21—|—3 +Z:022m+2k+3)
00 k—1

ZPI( ) fm fmn
D 2k+22(z 2k—2l+ )(2m + 21 + 3)! 2(2m+2k+3)!>'

=

Hence
k—1

i 1« (=1)'B(m)(2m + 2k + 3)!
(=1)"Pi(m) = 9 ; (2k — 21+ 1)!(2m + 20 + 3)!

1 1 =
=5 o i 2.V Pz(m)<

2(m+k+2) —

2m+ 2k +4
2m+2l+3)' (3:5)

|
Equation (3.3) can be written in the following closed form as a partition

of unity:
k

1 2m + 2k +4
m—l—k—l—Z;( ) f(m>(2m+2£+3)
The first few Py(m) are given by
(m+1)2m+7)

Pl(m) = 6 >
m~+ 1)(m + 2)(28m? + 224m + 465
Pym) = (D 2028 )
Py(m) (m+1)(m+2)(m+ 3)(248m3 + 3348m? + 15346m + 24003)
3 = 9

3780
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and we can use these to obtain formulas for ((3), ((5) and ((7), respectively.
The pattern suggested by the above formulas holds in general, and we have:

Theorem 3.3 Let P.(m) be defined as in Theorem 3.2. For any integers
k and n with 1 <n <k, P,(—n) = 0.

Proof. We first establish

(-1
2

Ppa(=n) = (3.6)

for any positive integer n. From (3.3) we have

n—1
1 2 1 1
)P (—n—1) ==Y (=1) P(-—n—1)—==—=
R LR Mt N LI BB R
which implies (3.6).
We now proceed by induction on k. Assuming that P,(—n) = 0 when
1 <n </{ <k, we must show that P, 1(—n) = 0 when 1 < n < k+ 1.
From (3.3) we have

k+2 1 : 2k —2n+6 1
(U Fen(=n) = 5@t}::5§:“4f<%_anig)ﬂ“””—5

=0
k

1 2k — 2n + 6 1
- —— —1)! Py(—n) — -.
2(k—n+3)£zl( )(25—2n+3) «=n) -3

Since Py(—n) = 0 if n < ¢ < k, the right-hand side is

1 1
— (-1 Y2k -2 6)P,_1(—n) — = = 0. 3.7
sy 2 )P () — (37)
[ |
In light of Theorem 3.3 and computational evidence, we propose the

following conjecture.

Conjecture 1 For any positive integer k, the polynomial Py(m) has sim-
ple roots m = —1,—=2,...,—k, and no other rational roots if k > 2.

Although the Euler-type formulas from Theorem 3.2 are more compact,
they converge very slowly as compared to Theorem 3.1. As a compromise,
we give:



An Euler-Type Formula for ((2k + 1) 7

Theorem 3.4 Let f,, = (—1)"7?™ Ey,,11(1). For any positive integer k,

(—1)fm2t k(M) fm
2k ———la;In2 — 3.8
C2k+1) = 75 |wln 7Tzszrzk;Jr?)) (3:8)
where ay, is a constant and Qr(m) is a polynomial in m with rational coeffi-
cients, having degree at most 2k — 2. Recursive formulas for ay and Qr(m)
are given by

N

-1

Ay 1
— (2k =20+ 1) (2 +1)!
and
L om 2k +4 1
Qr(m) = m+k+2 2 <2m+2£+3)Q5(m) ) (3.10)

(=1

The proof of this result is similar to that of Theorem 3.2, and hence is
omitted.
Egs. (3.9) and (3.10) can be written in closed form as

Qy B
(2k —20+1)!

hE

—(2k +1)!

~
Il

1

k
1 2m+ 2k 4+ 4
- -1
m+k+2;Qe(m)(2m+2€+3> ’
respectively. For k = 1,2, and 3, we obtain a; = —1/6, ay = 7/360, az =

—31/15120, Q1(m) = —=1/2, Q2(m) = (m + 2)(2m + 9)/6, and Q3(m) =
—(m+2)(m + 3)(28m? + 280m + 717) /180. Hence,

and

i 21t & Fom
3) = —In4d—
Tt 870 = (m + 2)(2m + 9)
5 = ——1n4— .
© = EmhTE L Gy
s 167" <~ 2 28m? + 2 1
(1) = 2T g T Z(m+ )(m +3)(28m? + 280m + 717)

Additionally, we have the following result on the roots of Q(m):
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Theorem 3.5 Let k and n be integers. Then the polynomials Qr(m) sat-

isfy Qn(—m —1) = —% foralln > 1 and Qr(—n) =0 for all k > n > 2.
We may also make the following:

Conjecture 2 Fork > 2, the polynomial Qi(m) has simple roots —2, —3, . ..
—k, and Qr(m) has no other rational roots if k > 3.
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