Chapter 6

MRA Frame Wavelets with
Certain Regularities Associated
with the Refinable Generators
of Shift Invariant Spaces

Tian-Xiao He

Department of Mathematics and Computer Science
Lllinois Wesleyan University, Bloomington, IL 61702-2900 USA [3mm]
e-mail: the@sun.iwu.edu

ABSTRACT

In this paper, we will start the discussion with the refinable generators of
the shift invariant (SI) spaces in L?(R) that possess the largest possible
regularities and required vanishing moments. For the pseudo-scaling gener-
ators, the corresponding MRA frame wavelets with certain regularities are
constructed. In addition, the stability of the refinable SI spaces and the
corresponding complementary spaces, biorthogonality of the SI spaces, and
the approximation property of the spaces are also discussed.
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6.1 Introduction

[10] pointed out that to achieve higher regularity by increasing vanishing moments
of scaling functions and wavelets is not efficient, because 80% of zero moments are
wasted. In this paper, we give a method for constructing pseudo-scaling functions
and the corresponding MRA frame wavelets with the largest possible regularities
and required vanishing moments.

We start by setting some notations. Define low-pass filter as

mo(€) =271 hpe e (1.1)
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Here, we assume that only finitely many h,, are non-zero. However, some of our
results can be extended to infinite sequences that have sufficient decay for |n| — oo.
Next, we define ¢ by

$(€) = I152my (277¢). (1.2)

This infinite product converge only if mo(0) = 1 i.e., if > h, = 2. In this case,
the infinite products in (1.2) converge uniformly and absolutely on compact sets, so
that ¢ is well-defined C'*™° functions. Obviously,

$(€) = mo(£/2)(£/2), (1.3)

or, equivalently, ¢(t) = >, hn¢(2t — n) at least in the sense of distributions. From
Lemma 3.1 in [3], ¢ has a compact support.

A shift invariant (SI) space is a closed subspace of La(R) that is invariant under
the operator Si(f) :== f(- — k) (k € Z). For ¢ € L2(R), we say that V = S(¢) :=
span{¢(- — k)| k € Z} is generated by ¢. In addition, if ¢ is refinable, then ¢ is
said to be a refinable generator of S(¢), and S(¢) is called a refinable SI space.
Each element ¢ € ® is a refinable generator of the corresponding SI space S(¢). A
refinable generator is said to be a pseudo-scaling (refinable) generator (see [19]) if
it satisfies Equation (1.3) and

|mo(€)]* + mo(€ +m)* = 1. (1.4)

We now consider the simplest possible masks mg(§) of refinable generators with
the following form.
Definition 1. Denote by ® the set of all functions ¢(¢) that have Fourier transform
B(€) = mo(€/2)d(€/2). The filter mg(€) = 27 >, hne™™& is in set M that contains
all filters with the form

e % N
m© = () Fo. (15)
where .
F(&) =e ¢y ajet (1.6)
j=0

Here, all coefficients of F'(§) are real, F'(0) = 1; N and k are positive integers; and
k' € Z. Hence, the corresponding ¢ can be written as follows.

- 1+ e %/2 " .
GE <2> F(E/2)$(6/2). (L.7)

Clearly, ¢ is a B-spline of order N if F'(¢) = 1. The vanishing moments of ¢

are completely controlled by the exponents of its “spline factor,” (%) . In
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addition, the regularity of ¢ is justified by the factors F'(¢), and are independent of
its vanishing moments.

A frame in a Hilbert space H is a family {f,,n € I} of elements in H for which
there exist two positive constants, 0 < A < B < oo, such that

AFIP <D K £a) P < BIFIP, (1.8)

nel

forall f € H. If A= B, {f,} is called a tight frame. For tight frames, the frames
constants A = B can be assumed to be 1, simply by dividing each frame generator
fn by VA. In other words, the tight frames can be defined by

Y KE fP = 1IF1% (1.9)

nel

The index set I for the family {f,} can be quite general. We assume it to be
countable and, in particular, we are often dealing with the case where {f,} is the
sequence of translates {¢(- — n)} of a function ¢ € H C Lo(R), n € Z, or the
sequence of {27/2¢(27 - —k)} with the index set consists of the pairs (j, k) € Z x Z.
Definition 2. [14, 17] A function ¢ € La(R) is a tight frame wavelet (TFW) if the
system {9;i}j ez, Vjr(z) = 21/24p(29x — k), is a tight frame for Ly(R); that is, for
all f € La(R),

ST = 11113 (1.10)

J.k€zZ

The applications of TFW are based on the following expression that is equivalent
to the condition (1.10) (see [15], p.334).

F&) = rdin(t), (1.11)

j.k€z

where the equation holds unconditionally for all f € La(R).
Definition 3. A TFW ¢ is an MRA (Multiresolution Analysis) TFW if there exists
a pseudo-scaling generator defined by Equation (1.3) such that

$(&) = €/*mo(€/2 + m)H(€/2); (1.12)

i.e., the symbol of v is my (&) = e%/?mo(£/2 + 7).
Since vanishing moment conditions [ z%)(z)dx =0, £=0,1,--- , L, are equiva-
lent to (g‘l—;zﬁk:o =0,¢=0,1,---, L, we immediately know that the maximum order

of vanishing moment for ¢ is N — 1 if 4 is given by Equation (1.12) and ¢ is defined
by Equation (1.7). Therefore, the vanishing moments of ¢ are completely controlled

i\ N
by the exponents of its respective “spline factors,” <¥) . In addition, the reg-

ularities of v is justified by the factors F'(€), and are independent of their vanishing
moments.
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From [14, 17], we have the following result regarding the characterization of
TFWs.
Theorem 4. [14, 17] A function ¢ € Ly(R) is a TFW if and only if ¢ satisfies

Z‘¢(215)12:1 a.e. (1.13)
JEZ
and -
D W (27€) P (20(§+2gm) =0 ae., (1.14)

Jj=0
for all ¢ € 2Z + 1; i.e., for all odd integers, q.

In [2], [3], and [11], the following concepts were introduced that are important

in our discussion.
Definition 5. Denote T = [0,27). The bracket operator [, ] : L2(R) x La(R) —
L1(T) is defined by

[f,91 = F(&+2nk)g(€ + 27k). (1.15)

keZ

For f € Ly(R), the function [f, f] € L1(T) is called the auto-correlation of f.
If f,g are compactly supported, then [f,g] is a trigonometric polynomial and
has the Fourier expansion

[£,81(€) = D _(f(),9(- + k))e'™. (1.16)

keZ

Definition 6. Let S(¢) be a shift invariant space that is generated by ¢. {¢(- —
k)}kez is called a stable basis of S(¢) if there exist constants 0 < A < B < oo such
that for every ¢ = {ck }rez € l2(Z)

> crp(-—k)

keZ

2
Allellz,z) < < Blcll},z) - (1.17)
L2(R)

Obviously, a stable basis of S(¢) is a basis of S(¢).
Theorem 7. [17] Let ¢ € La(R) and let 0 < A < B < oo. Inequality (1.17) is

equivalent to

A< [(i,(i)} < B, a.e.

In Section 2, we will give the conditions for the coefficients {a;} such that the cor-
responding refinable pseudo-scaling generator ¢ is in Ly(R) and the corresponding
defined by Equation (1.12) is an MRA TFW. Section 3 discusses the stability of the
SI space, S(¢), generated by ¢ and the stability of the corresponding complementary
spaces. We then construct stable scaling function ¢ € ® such that {6(- — k) }kez
and {¢(- — k)}rez are biorthogonal. Thus, {¢(- — k) rez and {@(- — k)}rey are
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stable bases in the subspace that they generate. In addition, biorthogonal wavelets
that possess the largest possible regularities and required vanishing moments can
be obtained accordingly. We will also discuss the Ly approximation from S(¢) in
the section.

6.2 MRA TFWs with certain regularities

We construct pseudo-scaling generators and MRA TFWs using the following theo-
rem.
Theorem 8. Let ¢ € ® be defined by Definition 1; i.e., ¢ = II32;mj N(277¢), where

md (€) € M is defined by Equations (1.5) and (1.6): m{' (&) = (1+e 25>N )

and F(§) = e Ja;e7 Nk € Z, and k' € Z, where F(0) = 1. If F also
satisfies F'(m) # —1 and its coefficients satisfy

(2.1)

??‘
_|_
=
gPﬂw
/\
[N
[3o)
=

and N )
+§k ZZ ( . k) ( 2 ! ¢ k> agoe =200, (22)
j=k' £=0 j—g Jan—£=

where 8, is the Kronecker symbol and n = 0,41,42,---, then ¢ € L?>(R) and is a
pseudo-scaling generator. In addition, The corresponding 1 defined by (1.12) is an
MRA TFW in C'*. Here « is more than

k
1 2
N—§10g2 (k+1) anj
J:

Condition (2.1) can be replaced by the following weaker condition.
C({as}, k) < 22N, (2.1)

where C'({a;}, k) equals kzj 0 j it £ > 1 and equals ao if K = 0. Hence, the

corresponding regularities of ¢ is determined by ¢ € C*, where o is more than
N — Llog, (2C({az} k).

We shall break up the proof of Theorem 8 into several lemmas, in which Lemma
9 is given in [13]. Here, we provide a simpler alternative proof. Lemmas 10 and 11
are also shown in [13]. However, we list them as follows for readers’ convenience
and the completeness of the paper.
Lemma 9. Assume that ¢ € ® that is defined by Equation (1.7) in Definition 1. If
F(m) # —1 and

C({azh k) < 22V,
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then ¢ = 132 m{ (277€) is in L*(R).
Proof. It is sufficient to prove the boundedness of the following integral

|6(6)[*d¢ =

—

gl>n
| 2

00 o N
14+e 2778 ‘
- 5= - 5 F(2™ d
;/2“1#<5|<2% H( 2 ) (2778)| d¢
2t-1n<|g| <26

| WRlFETerd
=1

o0 1 .
C — 32 [F(277¢)
SOY [ IO

n<|g|<2tn

(2.3)

lr<|¢] <2t

1 » - iy
<CY g | Iy [P(278) IS, P2 06) P
(=1

<oy 4t / I, |F(277€) [de.
/=1

e_lﬂ'SlE\S?Zﬂ'

We now prove the boundedness of the last integral in inequality (2.3). Denote

Tf(&)I’F <§) 2f<§>+‘F <§—|—7r> 2f<§—|—7r). (2.4)

Hence, for any 2m-periodic continuous function f, we have

/zz—1w<|f<zeﬂ O, [P0 de

- / T E)de < V2| T f|| e < V2| £l T (2.5)

Let p(T') be the spectral radius of the operator 7. Since F'(0) =1 and F(mw) # —1,
we have p(T") > 0 (also see [8]). In fact, considering the Fourier expansion

k
[FOF = bee',
t=—k
where k is a positive integral and

k—|t|
by = E Ak —|t|—j Uk —j
J=0
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(t ==k, -+, k), we find that the matrix of T restricted to

k
E, =1 Z e (e_p, ... cp) € C’QkH}
l=—k

is

b 0 0 e 0
bp—2 br_1 R
Mrp = (2bi—2j)ij=—k,. kb =2 | bop b_pr1 b_pga -+ bp |. (2.6)
0 0 b - bps
0 0 0 - by |

Noting that |[F(0)]2 = S5 by = 1 and |[F(n)2 = b (-1 = a # —1, it
follows that
D b= by = (a+1)/2,
l y4

and for the vector u = (1,...,1) € C%+1
Tu=uM = (a+ 1)u.

Thus, T has at least one eigenvalue a4+ 1 # 0.
For every € > 0, there is an integer /(¢) such that

1T < (o(T) + ), £>L(e).

It follows from (2.3) that

4(6) o0
[ opde <y N e > 4 p(r) + e,
|€|>m =1 £=0(e)+1

so p(T') must be estimated if we are to choose an € > 0 small enough for the series
to converge. Regardless of how small an € > 0 is chosen, the contribution

£(e) £(e)
oY 4T <y 4T
=1 =1
is finite, although possibly very large.

To evaluate p(T"), we consider the matrix of 7', Mp, which was shown in Equation
(2.6). It is clear that p(T') = p(Mr). We write My = 2H, where

H = (bi-2;); ;o -
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Obviously, bg can be written as

k=8|

bﬁ = Z Af— 18| —jVk—j> B=—k, -,k
=0

Hence, bg = b_g, for all 8 = —k,--- k. It is also clear that by is an eigenvalue of H
with multiplicity 2. To estimate bounds of the eigenvalues of H, we establish

|b,3|§b07 /B:—k;77k

In fact,
k—|8] k—|B] 1
2 2
bg| < E |ag—5)—jak—j| < E : [§“k—lﬂl—j + Qak—j] -
=0 J=0

1 k 1 k—p3 k
§ 2 E 2 § 2

= 5 ak_j —+ 5 ak_j S ak_j = bo.
i=B =0 =0

It is obvious that the spectral radius of H is by if kK = 0. For k£ > 1, the characteristic
polynomial of H is (b — A)(b_x — A) multiplied by the characteristic polynomial of
the core matrix, H., which consists of all rows and columns of H except its first and
last rows and columns. Hence, the spectral radius of H is

p(H) = maz{by, p(He)} < maz{by, |[Hell1}

k—1
=max{by, Y |bigl:j=—k+1,-- k—1} <kb.
i=—k+1
Therefore, p(T') = 2p(H) < 2C({a;}, k). Here, C({a;}, k) was defined in Theo-
rem 7. If C({a;}, k) < 22V=1 then p(T) < 22V, so we choose
(22 — (1))

€ =

N | —

Thus
p(T) +e < 22N

and we obtain the estimation

o

The tail of the series is a convergent geometric series, thus completing the proof of
¢ € Ly(R) if condition (2.1)", C({a;}, k) < 22¥=1 holds.

S ()

{=L(e)+1

L2 )
o(©)| de < YN T +
(=1
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Obviously, C({a;},k) < (k+1) Zj 0 3 Hence, we have proved the Lemma 9
and the first part of Theorem 8; i.e., ¢ € L?(R) under condition (2.1) or condition
(2.1).

It is well-known (see [1, 4]) that ¢ € C" and r = N — % logy(p(T)), where p(T)
is the spectral radius of the matrix representing operator 7', which is defined by
equation (2.4). Hence, we obtain the following result.

Lemma 10. ¢ € C%, where « is more than

N — § logy (2C({ay), k).

Obviously, if (¢(t), p(t —n)) = 0, then

1
3 > " hjhjion = bno, (2.7)
J

where n is an integer. From equations (2.7), noting that h; = (Z?:o (j_év_k,)

ag)/2N"Y j =k, - N +k+ k', we immediately obtain the following lemma.
Lemma 11. If ¢ defined by (1.7) satisfies (¢(¢), p(t —n)) = oo, then

N+k+E  k

> ZZ (j e k,) (J o g k,> agar = 22N "6, (2.8)

j=k' £=0 j—g

where 9,0 is the Kronecker symbol and n = 0, £1,+£2,---.

For sufficient conditions of (¢(t), ¢(t —n)) = d,0, we have the following result.
Lemma 12. Let ¢ be the function defined by (1.7). Assume that ¢ satisfies (2.8)
and either

k
(i) D lagl < 2N
j=0
or

k
(i)  (k+1)> af <22Vl
=0
Then (¢(t), p(t —n)) = dno, and ]¢( )| < C(1+ €)Y, whereao = N —1/2 —
2n
logy Bon, Ban = maxg ‘HQ (235)‘
Proof. If

1/27
By = max ’H2 ‘IF(2J§)’ < oN-1/2 (2.9)

for some integer n > 0, then by using Propositions 4.8 and 4.9 in [3] we have

($(t), d(t —n)) = no and |G(€)] < C(1 + |¢])~H/2,
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On the other hand, Bo» < max¢ |[F(§)| = Z?:o laj|. Hence, by using the Cauchy-
Schwartz inequality, we obtain

1/2

k
Bon < (k:—i—l)Za? ,
j=0
where the equal sign does not hold if {a;} satisfies condition (2.8), because all {a;}
can not be the same. Hence, if (k + 1) Zj}:o a? < 22N=1 then Byn < 2V~1/2. This
completes the proof of Lemma 12.
Proof of Theorem 8. Let ¢ € ® be the function defined by (1.7) (in Definition
1) that satisfies F'(w) # —1 and the Condition (2.1). Then, from Lemma 9, ¢ is in
Ls(R). Noting Lemmas 11 and 12, we have that Conditions (2.1) and (2.2) imply

(p(t), ¢(t —n)) = dn0, which is equivalent to

Z |¢A5(§ + 2k7r)|2 =1 forae £€R.

keZ

By using (1.3), the above equation can be written as an equivalent form (1.4). Hence,
¢ is a pseudo-scaling generator. To prove that ¢ defined in (1.12) is an MRA TFW,
it is sufficient to prove that 1 is a TFW; i.e., it satisfies Equations (1.13) and (1.14).
From (1.12) and (1.4),

AL ]2
>[0 )]
JEZ
= Yo (@4 )P [é (21
JEZ
~ Jim 3 o @) o @) -

j=-n

i $ oo

j=—n

2

= Jim [lpetof oo

. 2
Since ¢ € La(R), lim )¢(2”§) = 0 for a.e. £. From condition F'(0) = 1, we have
n—oo
lim ‘mo (2_”§)‘ = 1. Hence, taking limit n — oo on the both sides of Equation
n—oo
(1.2) and noting that
lim_[$(6)] = lim T2, [mo(277¢)] 0,
n—oo

n—oo
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we obtain (see [19]) hm ’gb ) ‘ = 1, which derives 3, ‘ (27 5)‘ = 1. There-
fore, Equation (1. 13) "holds for our .
For any odd integer g,

D 7 (& +2qm)) =

7>0

=" Cmg (271 + ) (2071€) e mg (207 1€ + ) (207 1€ + 2igm)+
7>0

e g (FTE T 0 (271€) €264 mg (21605 (271 + am) =

=3|m0 (27N + )| § (2771€) & (216 + 29m)—

Jj>0

—mo (271 + )¢ (272) mo (271€) (271 + ) =

=3 [1 = |mo (@79 [*] & (2771€) 6 (27 e+ 2m) — H(€)d(¢ + 2m) =

3>0

=Y [0 () 62+ 2m) - 6 (27€) 6 (e + 27 1m) | — BEA(E + 2m) =

7>0

== lim $(2"¢)$(2¢ +2n+1m) =0,

where $(2j_1§ + 2jq7r) =¢ (2j_1€ + 2j7r), q € 2Z + 1, because mgo(§) is 2mr— peri-
odic. Therefore, (1.14) also holds, and the proof of Theorem 8 is complete.

We now give a general algorithm to construct the pseudo-scaling generator ¢
such that the corresponding MRA TFW 4 is of the largest possible regularity and
the required vanishing moments. In fact, this method can be described as an opti-
mization problem of finding suitable F(§ ), or equivalently, suitable coefficient set,
a={ag,---,ax}, of F(£), such that -%_ a2 is the minimum under conditions (2.1)

J=0"j
and (2.2) of Theorem 8. Thus, the above optimization problem can be written as
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follows.
k
min Za : (2.10)
Jj=
2
subject to Ya;+1]| >0, (2.11)
J
k
Zaj < 22N-L/(k+1), (2.12)
j=0
N—im_k (i: <] + 2n]i 0 k’) af) i <] _]gv_ k’) ag
j=k'  \&=0 i—0
= 22N=15 o, n=0,+1,+2,---, (2.13)

where object (2.10) will give the largest possible regularity, condition (2.11) is from
the definition of F'(7) # —1, and conditions (2.12) and (2.13) come from conditions
(2.1) and (2.2) of Theorem 8.

Problem (2.10)-(2.13) can be written in a form without the inequality con-

ditions by defining parameters s,t # 0 as s> = 22VN=1/(k 4+ 1) — Zf Oaj and

, 2
t2 = (Z;?:O(—l)J a; + 1) , respectively. Hence, the optimization problem becomes

k
mgn Za+ +t2’
7=0
k ' 2
subject to t? = Z(—l)ﬂaj +1
=0
S+ af =221 (k+1)
=0
E (L (B
: | s e =
o itk VAR

= 92N=15 o, n=0,+1,42, -,

As examples, we choose N = 1 and k = k¥ = 0, then the solution of prob-

lem (2.10)-(2.13) is ap = 1 and we obtain the Haar function. If we choose N =
2, k = 1, and ¥ = 0, then the solutions of the problem are ag = li‘[ and

a; = ILQ/E Hence, the corresponding ¢ is defined by ¢(¢) = I152 1o (27 35) where

mo(€) = %\/5 (1—e7%) (1+e lg) In addition, the regularities of v is more than
2 —logy(4)/2 = 1; ie., v € CL.
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6.3 Stable generators of an SI space and its complemen-
tary space

We now discuss the stability of ¢. From [16], we obtain a necessary and sufficient
condition for a refinable function defined by Definition 1 to be stable. Here, a
function ¢ is stable if it is a stable generator of space S(¢), or, equivalently, the
integer translates of ¢ form a stable basis of the space.

Lemma 13. The function ¢ defined by Definition 1 is stable if and only if F(§)
satisfies the following two conditions.

(i) F(§) does not have any symmetric zeroes on T = [0, 27);

(ii) For any odd integer m > 1 and a primitive mth root w = e~/ of unity
(i.e., n is an integer relatively prime to m), there exists an integer d, 0 < d < ord,, 2,
such that F (—2d+1n7r/m) # 0, where p = ord,, 2 is the smallest positive integer
with 2P = 1(mod m).

In addition, if ¢ is stable, then |¢3(£)|2 and

F(¢) =TI, |F (277 (6 + 27m))l2 /e, |F(279¢) |

H;-)il ’Z?—O azefim*j (§+2mu)

AP
172, ‘E§:0 age~ 2778

have no roots in T = [0, 27).
Proof. By using Lemma 6.6 of [1] and Theorem 1 of [16], we obtain that ¢ is stable.
In addition, since

~ 2 1— e_ig 2N . 2
sof = || melr el (32
we have
A 2 P N 2N
916 +2m0)| = F©) |60 75
where F(¢) is defined as (3.1). Therefore,
A . 2
6.6] = Sz o€ +2mu)| =
A 2 _
= 6O)] POE™ Toez gt
By using formula (4.2.7) in [6], we can rewrite the last expression as
5.6 -
2 1 (3.3)

Ho)| B e |Bu(e+ 2mu)

sin2N (&/2) U=—00




178 Tian-Xiao He

where By(€) is the Fourier transform of the B-spline of order N. In addition, the
sum on the right-hand side of Equation (3.3) can be evaluated by using formula
(4.2.10) in [6]:

—SiH2N§ d2N—1

(2N — 1)1 dg2N—T

i ‘BN(% + 27u) o cot €.

U=—00

Thus, noting that ¢ is stable and applying Theorem 7 to the above [({5, gg], we

immediately know that |gz§(§)|2, F(€) # 0 for all £ € T. This completes the proof of
Lemma 13.

From Theorem 8 and Lemma 13, we have the following result.
Theorem 14 Let ¢ € ® be defined as in Definition 1. If F'(§) satisfies F'(7) # —1,
conditions (i) and (ii) in Lemma 13, and (2.1) or (2.1)’, then the corresponding ¢ is
in L2(R) and is stable.

Let V; := span{¢(2/t — k) : k € Z}. Following [11], for any ¢ € La(R), we define
the (natural) dual ¢ by its Fourier transform,

~

¢

¢ = [&(ﬂ,

where we interpret 0/0 = 0. Thus, from Equation (3.3), the dual function’s Fourier
transform of ¢ is

¢
[4-9]
_ =sintg2)
(€/2°NOF(€) X2 | B (€ + 27m0)

b=

‘ 2

The properties of the dual function ¢ can be found in [6, 11].

It is clear that S(¢) C Vi = span{¢(2 - —k) : k € Z}. We now consider the
complementary space of S(¢) in V;, which is generated by a function ¢ € V;. We say
a function f € Lo(T) is in W, the Wiener Algebra, if its Fourier series ), -5 fre e
satisfies {fr} € ¢1(Z). From [11], we can establish the following lemma.

Theorem 15. Let ¢ € ® satisfy all conditions of Theorem 14, where ® is defined in
Definition 1, and let ¢ € V; := span{¢(2-—k) : k € Z} have the symbol m4(§) € W,
the Wiener Algebra, such that

Im1 (&) + |mi(E+m)> >0, £eT. (3.4)

Then 1 is stable (i.e., a stable generator for S(v)).
Proof. Since ¥ € Vi, using the two-scale relation of v yields
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| —
<
<
| I
—
I
N—
Il

=
N

+ T+ 2m’)

bl o)

From Theorem 8 and Lemma 13, ¢ is in Lo(R) and is stable. Thus, Theorem 7
shows there exist 0 < A < B < oo such that

=
N

I
m
N
3
=
~— —~ —~ —

AL [QZS,QAS} <B a.e.

Thus we can bound the auto-correlation of ¢ by

AMI(§) < [4,9] (©) < BML(9),

= () o £+

Since my(§) € C(T), from the condition (3.4) we have

where

2

A= Igél{}Ml(g) > 0.

On the other hand, B := |[|m1(§)|¢(r) < co. Therefore,

0< AA < {@@,12)} () < BB <0, a.e.

By using Theorem 7, we have proved that 1) is a stable generator for S(v).

We can also construct a biorthogonal system from ¢ € @ as follows. Here, the
set ® was defined in Definition 1. Assume that ¢ € ®; i.e., ¢(t) =D, hno(2t —n)
or equivalently, ¢(¢) = fno(g)é(g) with mg(¢) = 2713 hne ™ € M, which is
defined in Definition 1. Therefore, we can write

i i\
(@ =i (€ = (15— Fe. 35)
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Here F(€) is defined by

k
F(g) = e*ik’g Z djeiijg,
=0

where, F(0) = 1; all coefficients of F(¢) are real; N and k are positive integers; and
k' € Z. Hence, the corresponding ¢ and ¢ can be written as follows.

~ e_i£/2 N ~
36 = (%) F(E/2)0(/2),

2 1+ 671’5/2 N ~ 2
o(6) = <2> F(E/2)6(6/2) (3.6)

We also define the corresponding ¢ and 1/; by

(&) = /g (£/2 + T)d(£/2)
D(€) = e Pmo(€/2 + M al€/2), (3.7)

or, equivalently,

W) =Y (=1)"hop16(22 — n)

n

) = S (1) hy16(22 — n). (3.8)
n

Similar to ¢, ¢ is also a B-spline of order N if F(ﬁ) = 1. Since vanishing

moment conditions fxew(@dx =0,{=0,1,--- | L, are equivalent to %@@E:O =0,

£=0,1,---, L, weimmediately know that the maximum orders of vanishing moment

for ¢ and @Z are N —1 and N — 1, respectively. Therefore, following the similar

argument in Section 2, the vanishing moments of ¢ and <;~3 are completely controlled

by the exponents of their respective “spline factors,” Ire™™ N and Le 06 N
y p p P , < 5

In addition, the regularities of ¢ and ¢ are justified by the factors F(¢) and F(&),
respectively, and are independent of their vanishing moments.
Similar to ¢, if ¢ defined in (3.6) satisfies F'(w) # —1 and

F )
(E+1)> a5 <227, (3.9)

then ¢ € Ly(R). ) i
From [8], the stability of ¢, ¢, ¥, and 1 are implied by their biorthogonality. In
fact, [8] gave the following results.
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Lemma 16. If ¢, ¢ € Ly(R) satisfy (¢(t), ¢(t —n)) = 0,0, then {¢(t — k) }rez and
{6(t — k)}rez are stable; i.e., they are stable bases (Riesz bases) in the subspace
that they generate. In addition, the corresponding biorthogonal wavelet functions
1 and @E are also stable; i.e., they are stable bases (Riesz bases) in the subspace that
they generate.

Hence, we have the following results.
Theorem 17. Let ¢, ¢ € ® be defined in Deﬁmtlon 1; that is, ¢ = II32,my N(277¢)

and ¢ = %2 1771(])\7(2 ig), where mi' (¢) and mo N (€) are defined by Equatlons (1.5)
and (3.5). Asspme F(r),F(m) # —1, and conditions (2.1) and (3.9) are satisfied by
m (€) and i (€) and

ZZZ < i k,) <j N 2n]i . k,) dgag = 2NN 15, (3.10)

J=p =0 j=0
holds for all n € Z, where p = min{k/,k'}; v = maz{N + k+ k', N + k+ k'} and
dno is the Kronecker symbol, then ¢, € L*(R) satisfy (¢(t),d(t —i)) = ;0 for
all ¢ € Z, and thus they are stable. In addition, The corresponding biorthogonal
wavelets 1 and v are in C® and C?, respectively. Here a and & are more than

1 2

and (3.11)

F
logy [ (k+1)) a2 |,
j=0

N —

DN | —

respectively.

Proof. By using Lemma 9, we have ¢, ¢ € Ls(R). Similar to the proofs of Lemmas
11 and 12, from Propositions 4.8 and 4.9 in [9], ¢ and é are biorthogonal if (2.1),
(3.9), and the following conditions hold.

1 -
5 > hihjjon =00, n €L, (3.12)
j

where h; and Bj are respectively the coefficients of two-scale relations of ¢ and ¢.
From equations (3.12), noting that

hj = (ZZ; <j_?r_ k,)@e) /2Nt

(j=FkK, - ,N+k+Fk), and

2’3( e
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(j=k,-),N+k+Fk, we immediately obtain (3.10).

It is well-known (see [7, 9]) that ¢ € C" and r = N — £ logy(p(T)), where p(T)
is the spectral radius of the matrix representing operator 7', and 7T is defined by
equation (2.4). Hence, we obtain that the corresponding biorthogonal wavelets v
and 1; are in C% and C?, respectively, and « and & are more than the quantities
shown in (3.11).

Remark 1. Conditions (2.1) and (3.9) can be replaced by the following weaker
conditions.

C({a5}, k) < 22V, C({as} k) < 22V, (3.13)
where C'({a;}, k) equals k2§:0 a? if k> 1 and equals a? if k = 0 while C({a;}, k)
equals k Zj'::o d? if k> 1 and equals d% if k=0. Hence, the corresponding regular-

ities of ¢ and ¢ are determined by ¢ € C% and ¢ € C¥, where o/ and & are more
than

N~ Togy (20({as}, b))
and (3.14)
N - Llog, (2@({@-}, k:) ,

respectively.
Remark 2. If F(§) =1 (i.e., k, k' = 0), then condition (3.10) can be written as

kb max{N,N+k+k'}

N N q
> > - ag = 2NN, 1
~ <j—£—k’> <j+2n>“€ o 349)
£=0 =k

where n = 0,+1, - . Condition (3.15) can be reduced again as follows for N=N-k
and k' = 0:
k N =
N—Fk N ~ 2N—k—1
=2 0n0s 3.16
2 Z(j—é)(jwn) " ! 10

=0 \ j=0

where n =0,£1,+2,--- .

We now give a general algorithm to construct biorthogonal scaling functions
¢ and ¢ with the largest possible regularity and the required vanishing moments.
Similar the algorithm shown in Section 2, this method can be described as an opti-
mization problem of finding suitable F(£) and F(€), or, equivalently, suitable coef-
ficient sets, a = {ag, - ,ax} and a = {agp, - - ,ax}, of F(§) and F(€), respectively,
such that Z?:o ajz and Z?:o ZL? are the minimum under conditions (2.1) and (3.9).
From the wavelet analysis of spline approximation, we assume F'(§) = 1; i.e., the
corresponding ¢ is the B-spline of order N. Then, the above optimization problem
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can be written as follows.

k
min, >, (3.17)
7=0
3 2
subject to Z(—l)jdj +1] >0, (3.18)
j=0
k )
D as < 22N (k+ 1), (3.19)
j=0

max{N,N—l—fc—l—fc/} ~

X ()l

/=0 j=k
= oN+N=15 5, (3.20)
where n = 0,+1,---, object (3.17) will give the largest possible regularity, condi-

tion (3.18) is from the definition of F', and conditions (3.19) and (3.20) come from
conditions (3.9) and (3.10).
Problem (3.17)-(3.20) can be written in a form without the inequality con-

ditions by defining parameters s,t # 0 by s? = 22N—1/(l;: +1) — Z?:o d? and

, 2
2 = (Z?ZO(—l)J aj; + 1) , respectively. Hence, the optimization problem becomes

k 1 1
. ~2
ming Z j+572+727

k
subject to t? = Z(—l)jdj +1

7=0
k
a2+ 57 =221 (k+ 1),
=0
zfg:max{N,N-i-ic-‘rlNc’} ( N > ( N >~
= — Jg—L4—=K/)\J+2n ¢
— 2N+N715n0

where n =0,+£1,--- .

. —i
As examples, we consider mg(§) = <M

5 ); i.e., ¢ is B-spline of order 1. If we

choose N =1 and k = k' = 0, then the solution of problem (3.17)-(3.19) is ao = 1
and we obtain the Haar function. If we choose N = 2, k = 1, and k' = 0, then the
solutions of the problem are ay = 3/2 and a; = —1/2. Hence, the corresponding

2 . —ie\ 2 —i
¢ is defined by ¢(§) = 132,70 (277€), where mo(§) = (1+62 E) (3_82 E). Clearly,
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Both ¢ and ¢ satisfy all the conditions of Theorem 17. Hence, they are in Ly(R)
and are stable. In addition, the regularities of ¢ and q~5 are respectively 1 and
2 — logy(5)/2 = 0.839036.

We now discuss the error of Lo approximation from S(¢). Denote

E(f,S = inf — .
(SO, = int [f =g,
We have the following result.
Theorem 18. Let ¢ € ® defined by Definition 1; i.e., ¢ = H‘;‘;lmé\/@_j{), where
Cie\N
md’ (€) € M is defined by Equations (1.5) and (1.6): m'(¢) = (%) F (&) and

F(&) = e F¢ Z;?:o aje” N k € Zy and k' € Z, where F(¢) satisfies Conditions
(i) and (ii) of Lemma 13, F'(0) = 1, and F(m) # —1. If inequality (2.1) or (2.1)’
holds, then for any function f € WQN *1(R), the Sobolev space,

E(£:5)"), = Ol fllwy i +0 (BV1),

where

S(@)" :={f(-/h)|f € S(¢)}

oy = % \/z 99 (2

u#0

Proof. Following [4], we define the error kernel

and

;

|62
6.4

Fy:=|(1-

where 0/0 is interpreted as 0. From Equation (3.3), we have

9> _ sin*N (¢/2)

99] (VRO TR Bl +2m)

R

Noting Equation (3.1) and the inequality (see [6])

S 2
3 ‘BN(§+ 27ru)’ <1,
U=—00
we obtain || NVT4(€) € Loo(T). Thus, from Theorems 1.6 and 2.20 of [4], S(¢)
provides approximation order N i.e.,

B (£,5@)"), < CRN | fllwp my
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where C’dj)v can be found as follows. By observing that ¢ € Ex := {f||f(z)] <

C(1+ |z])~(N+1+9) ¢ > 0} is stable and using the following lemma shown in [5], we
immediately obtain the Theorem 18.

Lemma 19. [5] Assume ¢ € E,, is stable while QAS(O) =1 and provides Lo approxi-
mation order m. Then for any function f € W3" T (R),

E(£.80)"), = Coh™ flugm) +0 (1),

A 2
where C' = T}L!\/Zuﬂ) ‘¢(m)(27ru)‘
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