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1 Introduction

Many number and polynomial sequences can be defined, characterized,
evaluated, and/or classified by linear recurrence relations with certain
orders. A number sequence {a,} is called sequence of order 2 if it
satisfies the linear recurrence relation of order 2:

Ap = PQp-1 + qap_2, N > 27 (1)

for some non-zero constants p and ¢ and initial conditions ag and a;. In
Mansour [16], the sequence {a, },>o defined by (1) is called Horadam’s
sequence, which was introduced in 1965 by Horadam [12]. [16] also
obtained the generating functions for powers of Horadam’s sequence.
To construct an explicit formula of its general term, one may use a
generating function, characteristic equation, or a matrix method (See
Comtet [6], Hsu [13], Strang [22], Wilf [24], etc.) In [3], Benjamin and
Quinn presented many elegant combinatorial meanings of the sequence
defined by recurrence relation (1). For instance, a,, counts the number
of ways to tile an n-board (i.e., board of length n) with squares (repre-
senting 1s) and dominoes (representing 2s) where each tile, except the
initial one has a color. In addition, there are p colors for squares and
q colors for dominoes. In this paper, we will present a new method to
construct an explicit formula of {a, } generated by (1). The key idea of
our method is to reduce the relation (1) of order 2 to a linear recurrence
relation of order 1:

(p = Clp_1+d, n>1, (2)

for some constants ¢ # 0 and d and initial condition ay via geometric
sequence. Then, the expression of the general term of the sequence of
order 2 can be obtained from the formula of the general term of the
sequence of order 1:

0 — { aoc”—i-dC::ll, if c# 1,

ap + nd, if c=1. (3)
The method and some related results on the generalized Gegenbauer-
Humbert polynomial sequence of order 2 as well as a few examples
will be given in Section 2. Section 3 will discuss the application of
the method to the construction of the identities of sequences of order
2. An extension of the above results to higher order cases. In Section
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4, we shall discuss the applications of the method to the solution of
algebraic equations and initial value problems of second order ordinary
differential equations.

2 Main results and examples

Let a and 3 be two roots of of quadratic equation 22 — px —q = 0. We
may write (1) as
ap = (a + ﬂ)anfl - O‘ﬁanf% (4)

where o and 3 satisfy a + 8 = p and a8 = —q. Therefore, from (4),
we have

Uy — Ay 1 = B(an_1 — aa,_3), (5)
which implies that {a, — aa,_1},>1 is a geometric sequence with com-
mon ratio §. Hence,

Ap — AQp—1 = (al - O‘aO)ﬁn_la

and
an = Q1 + (a1 — ag) ™.

soa)esm o

Let b, := a,/B". We may write (6) as

Consequently,

(0% a; — Qag
by = —bp1+ ——
[ 3

If a # 3, by using (3), we immediately obtain

5 - w(g) et

_ L {a”ao + —ala—_ozﬂao (o™ — B”)} :

we () - () @

which yields
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Similarly, if « = 3, then (3) implies
an = apa” + na H(a; — aag) = na;™ "t — (n — 1)aga™. 9)

We may summarize the above result as follows.

Proposition 2.1 Let {a,} be a sequence of order 2 satisfying linear
recurrence relation (4). Then

an:{ (%)an_<a5——cgo)ﬁn» if a# 3

na;a" ' — (n — 1)aga™, if a=p.

In particular, if {a,} satisfies the linear recurrence relation (1) with
q = 1, namely,

Qp = Plp_1 + Ap_2,

then the equation 2% — pr — 1 = 0 has two solutions

VP +4 1 p—+/pPP+4
PHVPHE gt PoVETE (10)

o =

2 « 2
From Proposition 2.1, we have the following corollary.

Corollary 2.2 Let {a,} be a sequence of order 2 satisfying the linear
recurrence relation a, = pa,_1 + a,_s. Then

o — 2a; — (p — /P? +4)a0an 201 — (p++/P*+4)ao (_l)n
" 2/ + 4 212 + 4 a) ’
(11)
where « is defined by (10).

Similarly, let {a,} be a sequence of order 2 satisfying the linear
recurrence relation a, = a,_1 + qa,_o. Then

I

2v/Aq+1 1 2V/Ag+1 3,

2a1—(1—+/4g+1)ag o — 2a1—(14++/4g+1)ap _n Zf q 7£ .
ay, = .
57 (2na; — (n — 1)ay), if ¢q=—

e N

Y

where ay = (1 + /Ag+1) and ap = 5(1 — /Ag + 1) are solutions of

equation 2> —x —q = 0.
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The first special case (11) was studied by Falbo in [7]. If p = 1,
the sequence is clearly the Fibonacci sequence. If p = 2 (¢ = 1), the
corresponding sequence is the sequence of numerators (when two initial
conditions are 1 and 3) or denominators (when two initial conditions
are 1 and 2) of the convergent of a continued fraction to v2: {1, 2,
g, %, % ...}, called the closest rational approximation sequence to V2.
The second special case is also a corollary of Proposition 2.1. If ¢ =
2 (p = 1), {a,} is the Jacobsthal sequence (See Bergum, Bennett,

Horadam, and Moore [4]).

Remark 1 Proposition 2.1 can be extended to the linear recurrence
relations of order 2 with more general form: a,, = pa,,_1 + qa,,_o + ¢ for
p+q # 1. It can be seen that the above recurrence relation is equivalent
to the form (1) b, = pb,_1 + ¢b,_o, where b, = a,, — k and k = 17;;7(1.

We now show some examples of the applications of our method
including the presentation of much easier proofs of some well-known

formulas of the sequences of order 2.
Remark 2 Denote

o An41 _ b q
un—{an } and A—[l O}

We may write relation a,, = pa,_1 + qa,_» and a,_; = a,_; into a
matrix form w,_; = Au,_o with respect to the 2 x 2 matrix A defined
above. Thus u,_; = A" tuy. To find explicit expression of u,_1, the
real problem is to calculate A"~!. The key lies in the eigenvalues and
eigenvectors. The eigenvalues of A are precisely a and (3, which are
two roots of the characteristic equation 22 — pr — ¢ = 0 for the matrix
A. However, an obvious identity can be obtained from (u,,u, 1) =
A" (uy, ug) by taking determinants on the both sides: a, 16, 1 —a? =
(—q)" Y (agap — a?) (See, for example, [22] for more details).

Example 1 Let {F,},>0 be the Fibonacci sequence with the linear
recurrence relation F,, = F,,_1 + F},_o, where Fy and F} are assumed to
be 0 and 1, respectively. Thus, the recurrence relation is a special case
of (1) with p = ¢ = 1 and the special case of the sequence in Corollary
2.2, which can be written as (4) with

1 5 1-—
= +2\/_andﬁ: 5

IS

«
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Since o — 3 = /5, from (11) we have the expression of F}, as follows

Fn:%{<1+2\/5>n_ (1_;5)“}

Example 2 We have mentioned above that the denominators of the
closest rational approximation to v/2 form a sequence satisfying the
recurrence relation a, = 2a,-1 + a,—». With an additional initial
condition 0, the sequence becomes the Pell number sequence: {p, =
0,1,2,5,12,29,...}, which also satisfies the recurrence relation p, =
2pn—1 + pn—2. Using formula (12) in Corollary 2.2, we obtain the gen-
eral term of the Pell number sequence,

pn:%{(l—i—\/ﬁ)"—(l—\/ﬁ)”}.

The numerators of the closest rational approximation to v/2 are half
the companion Pell numbers or Pell-Lucas numbers. By adding in
initial condition 2, we obtain the Pell-Lucas number sequence {¢, =
2,2,6,14,34,82, ...}, which satisfies ¢,, = 2¢,,_14¢,_o. Similarly, Corol-
lary 2.2 gives

cn=(14+V2)" + (1 —V2)".
We now consider the sequence of the sums of Pell number: {o, =
0,1,3,8,20, ...}, which satisfies the recurrence relation

Op =201+ 0,9+ 1.

From Remark 1, the above expression can be transfered to an equivalent
form
bn = an,1 + bn727

where b, = 0, + 1/2. Using Corollary 2.2, one easily obtain

by = 411 {(1 + V2 (1 \/5)”“}.

Thus,
1

1
o0 =17 {(1 +V2)" (1 — \/5)”“} — 3
If the coefficients of the linear recurrence relation of a function se-
quence {a,(z)} of order 2 are real or complex-value functions of variable
x, ie.,

an(r) = p(x)an—(2) + ¢(2)an—(2), (12)
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we obtain a function sequence of order 2 with initial conditions ag(z)
and a;(x). In particular, if all of p(x), q(x), ag(x) and a;(z) are poly-
nomials, then the corresponding sequence {a,(x)} is a polynomial se-
quence of order 2. Denote the solutions of

t* —p(a)t —q(x) =0

by a(z) and B(x). Then

o(x) = 1 (p(a) +v/pPE) + 2a(2), B(x) = 5(p() — V(@) T 4q()).
(13)
Similar to Proposition 2.1, we have

Proposition 2.3 Let {a,} be a sequence of order 2 satisfying the linear
recurrence relation (12). Then

@) = { (leplomse)) an(a) - (“leom) gr(), if a(z) # Ba)
nas (x)a™ (x) — (n — ag(x)a" (z), if alz) = A(a),
where o(z) and B(x) are shown in (13).

Example 3 Consider the Chebyshev polynomials of the first kind,
T, (z), defined by
T, (z) = cos(n arccos ),

which satisfies the recurrence relation
To(x) = 22T, 1 (x) — T),—2(x)

with Ty(x) = 1 and T3(x) = x. Thus the corresponding p, ¢, a and (3
are respectively 2z, —1, x + vx? — 1, and x — v/x? — 1, which yields
Ti(x) — BTo(z) = Va2 — 1, Ti(z) — aTp(z) = —Va? — 1, and a — § =
2v/x% — 1. Substituting the quantities into (8) yields

T, (x) = % {(:v + Va2 — 1>n + (x — Va2 — 1>n} :
All the Chebyshev polynomials of the second kind, third kind, and
fourth kind satisfy the same recurrence relationship as the Chebyshev
polynomials of the first kind with the same constant initial term 1.
However, they possess different linear initial terms, which are 2z, 2x—1,
and 2z + 1, respectively (See, for examples, Mason and Handscomb [17]
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and Rivlin [19]). We will give the expression of the Chebyshev poly-
nomials of the second kind later by sorting them into the class of the
generalized Gegenbauer-Humbert polynomials. As for the Chebyshev
polynomials of the third kind, 7, (x), and the Chebyshev polynomials

of the fourth kind, 7} (x), when 2% # 1, we clearly have the follow-
ing expressions using a similar argument presented for the Chebyshev
polynomials of the first kind.

TO(z) = —V;z ;2;__11 (:c + m)"

V2 —1+4+1 n
f— <3:— $2—1> ,
2vVa? —1

Vaz—1+1 n
TW(z) =X ———— (m + Va2 — 1)
" 2/x2 —1

—1——\/;27 ;2%_11 (x — Va2 — 1>n.

Example 4 In [2], André-Jeannin studied the generalized Fibonacci
and Lucas polynomials defined, respectively, by

Un(x;0,0) = U, = (x + a)Up—1 —bU,—2, Up(z) =0, Uy(z) =1,
and
Va(z;a,0) =V, = (x+a)V,o1 — V0, Vo(z) =2, Vi(z) =2 +a,

where a and b are real parameters. Clearly, V,,(22;0,1) = 2T, (z).
Using Proposition 2.3, we obtain

1 n
. — 2 _
Un(z;a,b) = SN CETLET {<x+a+ (x+a) 4b>

—(x—l—a— (x4 a)? — b)n} and

Vn(a:;a,b):%n{@%—a—l— ($+a)2—4b>n

—(x—l—a— (x+a)?— b)n}

From the last expression, we also see V,,(2x;0, 1) = 27T, (x).
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A sequence of the generalized Gegenbauer-Humbert polynomials
{PMC(2)},>0 is defined by the expansion (see, for example, Gould
[9] and the authors with Hsu [11])

O(t) = (C — 2wt +yt?) > =Y Pv(a)tr, (14)

n>0

where A > 0, y and C # 0 are real numbers. As special cases of (14),
we consider PM:¢(z) as follows (see [11])

) = P,11(x), Pell polynomial
ph-t1 <§> = F,11(x), Fibonacci polynomial
ph (g) = ®,.1(x), Fermat polynomial of the first kind

where a is a real parameter, and F,, = F,,(1) is the Fibonacci number.

Theorem 2.4 Let x # £+/Cy. The generalized Gegenbauer-Humbert
polynomials { P2¥C(z2)},>0 defined by expansion (14) can be expressed
as

PiC(a) = Con

e )

2 Cy

e Vo)

(15)

Proof. Taking derivative with respect to ¢ to the two sides of (14) yields

2N(x — yt)(C — 2xt + yt*)~ Z nPMC ()1, (16)

n>1

Then, substituting the expansion of (C' — 2xt — yt?)~* of (14) into the
left-hand side of (16) and comparing the coefficients of term ¢™ on both
sides, we obtain

C(n+1)P}%% (x) = 22(\ + n) PMC(z) — y(2A +n — 1) P%% (2).
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By transferring n + 1 — n, we have

2A0+n—2

x/\+n—1
Cn

PMC(x) =2
W () cn

ProC(x) —y PysC(x)  (17)

for all n > 2 with

RO () = 0(0) = 0
PMC(x) = 9'(0) = 2xxC A,

Thus, if A = 1, P2 (x) satisfies linear recurrence relation

2
= Zpwlipy — Lpwliy), n>2 (18)

P717y70(x> C n—1 C n—2

and
Pol’y’c(x) =01, Pll’y’c(x) = 20072,

Therefore, we solve t> — pt —q = 0, where p = 22/C and q = —y/C,
for ¢ and obtain solutions

a = é{x%—\/FC’y} and (19)
g = é{x— :L'Z—Cy}, (20)

where z # 4+/Cy. Hence, Proposition 2.3 gives the formula of P}¥:¢ (z)
(n>2) as

P () =2

2v/22 — Cy 24/ 12 —

r+\/22=-Cy , a:—\/xQ—C'yﬁn] (21)
« Y
Cy

where « and [ are shown as (19) and (20). This completes the proof.

|
Remark 3 We may use recurrence relation (18) to define various poly-
nomials that were defined using different techniques. Comparing re-
currence relation (18) with the relations of the generalized Fibonacci
and Lucas polynomials shown in Example 4, with the assumption of
Py¥ =0 and P"*° =1, we immediately know

Pyt (x) = 22P Y (x) — Pyl (x) = Un (220, 1)
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defines the Chebyshev polynomials of the second kind,
Pyt (a) = 20P, 5 () = Py (2) = Un (2230, 1)

defines the Pell polynomials, and

B X 1,-1, xr —11 (T .
P (3) =emt (5) - B (5) = Va0 -,

defines the Fibonacci polynomials.

In addition, in [15], Lidl, Mullen, and Turnwald defined the Dickson
polynomials are also the special case of the generalized Gegenbauer-
Humbert polynomials, which can be defined uniformly using recurrence
relation (18), namely

Dy (2;a)) = 2Dp_1(x;a) — aDy_o(2;a) = PY**% (1)

with Dg(z;a) = 2 and Dq(z;a) = x. Thus, the general terms of all of
above polynomials can be expressed using (15).
Example 5 For A = y = C = 1, using (15) we obtain the expression
of the Chebyshev polynomials of the second kind:
(z + Vo2 = 1) — (2 — Va2 — 1)
Up(x) = :
2vx? —1
where % # 1. Thus, Uy(z) = 422 — 1.
For A = C =1 and y = —1, formula (15) gives the expression of a
Pell polynomial of degree n + 1:

(z+ Va2 + 1) — (z — \/m)’”l'

2V +1

Pn—&-l(x) =

Thus, Ps(z) = 2z.
Similarly, let A = C' = 1 and y = —1, the Fibonacci polynomials

are
P (V24— (- Va4
nt1(2) = on+1,/22 4 ’

and the Fibonacci numbers are

1 [((1+v5\" [1-v5\
e ()
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which has been presented in Example 1.
Finally, for A = C' =1 and y = 2, we have Fermat polynomials of
the first kind:

(x + Va2 —2)" — (z — a2 — 2)"H!

2v/x2 =2 ’
where 22 # 2. From the expressions of Chebyshev polynomials of the
second kind, Pell polynomials, and Fermat polynomials of the first kind,

we may get a class of the generalized Gegenbauer-Humbert polynomials
with respect to y defined by follows.

(I)n—i—l (:B> -

Definition 2.5 The generalized Gegenbauer-Humbert polynomials with
respect to y, denoted by Péy)(:v) are defined by the expansion

(1= 2at+yt*)™' =) PW ()",
n>0
or by
P @) = 20P % (@) = y P,V (x),

or equivalently, by

P(y) (x) _ (ZL’ + /2 — y)n-‘rl _ (ZE _ T2 — y)n-i-l

22—y

with Péy) (x) = 1 and Pl(y) (x) = 2z, where x* # y. In particular,
PT(L_I)(x), P,gl)(ac) and P\? (z) are respectively Pell polynomials, Cheby-
shev polynomials of the second kind, and Fermat polynomials of the first

kind.

3 Identities constructed from recurrence
relations

From (5) we have the following result.

Proposition 3.1 A sequence {a,}n>0 of order 2 satisfies linear recur-
rence relation (4) if and only if it satisfies the non-homogeneous linear
recurrence relation of order 1 with the form

Up = Qp_y + df" !, (22)

where d is uniquely determined. In particular, if 3 = 1, then a, =
aay,_1+d is equivalent to a,, = (a+1)a,_1 —aa,_2, where d = a3 — aay.
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Proof. The necessity is clearly from (4). We now prove sufficiency. If
sequence {a,} satisfies the non-homogeneous recurrence relation of or-
der 1 shown in (22), then by substituting n = 1 into the above equation
we obtain d = a; — awag. Thus, (22) can be written as

ap — Q1 = (a3 — Ozao)ﬁnfl, (23)

which implies that {a,} satisfies the linear recurrence relation of order
2: Gy = Pan_1 + qa,_o with p = a+ 3 and ¢ = —af. In particular, if
(B =1, then p=a+1 and ¢ = —a, which yields the special case of the
proposition.

|
An obvious example of the special case of Proposition 3.1 is the
Mersenne number a, = 2" — 1 (n > 0), which satisfies the linear
recurrence relation of order 2: a, = 3a,_1 — 2a,_2 ( with ap = 0
and a; = 1) and the non-homogeneous recurrence relation of order
I: a, = 2a,-1 + 1 (with agp = 0). It is easy to check that sequence
a, = (k™ —1)/(k — 1) satisfies both the homogeneous recurrence rela-
tion of order 2, a, = (k + 1)a,_1 — ka,_», and the non-homogeneous
recurrence relation of order 1, a,, = ka,,_1+1, where ag = 0 and a; = 1.
We now use (23) to prove some identities of Fibonacci and Lucas
numbers and generalized Gegenbauer-Humbert polynomials. Let {F,}
be the Fibonacci sequence. From (23),

Fn - aFn—l = (Fl - aFO)ﬁn_l = ﬁn_lv

where the last step is due to a + 3 = 1. Therefore we give a simple
identity

Fn:aFn—1+6n_1: 9 9

n—1
1++v5 1—+5
\/_Fn—1+ ( \/_> )

which is shown in (8.2) on page 122 of [14] by Koshy. Similarly, we
have

6Fn :605Fn—1+ﬁn :ﬁn_Fn—la
where the last step is due to af = —1. The above identity can be

written as "
1-v5) 1-+5
2 2

Fy+ F,_y. (24)
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The same argument yields o = aF),, + F},_1, or equivalently,

1+v5\  1+V5
2 2

Fo+ Foy. (25)

Identities (24) and (25) were proved by using different method on page
78 in [14].

Let {L,} be the Lucas number sequence with Ly = 2 and L; = 1,
which satisfies recurrence relation (5) with the same « and g for the
Fibonacci number sequence. Then, using the same argument, we have

Ly —aln = (L —aL)f" ' =(1-2a)8" ! = —v/5p" L.

a5

Thus

2 2

or equivalently,

—Lpp + <1+2\/§) Ln:x/5<1_\/g> . (26)

2

(see page 129 of [14]).

We now extend the above results regarding Fibonacci and Lucas
numbers to more general sequences presented by Niven, Zuckerman,
and Montgomery in [18]. Let {G,,},>0 and {H,},>0 be two sequences
defined respectively by the linear recurrence relations of order 2:

Gn - panl + anfQ and Hn - panl + anfQ

with initial conditions Go = 0 and G; = 1 and Hy = 2 and H; = p,
respectively. Clearly, if p = ¢ = 1, then G,, and H,, are respectively
Fibonacci and Lucas numbers. From (23), we immediately have

n—1
a p+\/p2+4qG _<p— p2+4q)
n_f n—1 — - 5 .

2

Multiplying (p—+/p? + 4q)/2 to both sides of the above equation yields

_ 2_|_4 _ 2+4 "
p g an+an_1:<p g q>‘
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Similarly, we obtain

p+\/p2+4qG LG 1_<p+\/p“r4q>
n n—1 — 9 .

2

When p = g = 1, the last two identities are (24) and (25), respectively.
Using (23) we can also obtain the identity

+ PP+ 4 — VPP 4\
: g H, — Hy = p2+4q<p—p q>,

2

which implies (26) when p =g = 1.

Aharonov, Beardon, and Driver (See [1]) have proved that the so-
lution of any sequence of numbers that satisfies a recurrence relation
of order 2 with constant coefficients and initial conditions ag = 0 and
a; = 1 can be expressed in terms of Chebyshev polynomials. For in-
stance, the authors show F,, = :7"U,,(i/2) and L,, = 2i""T,(i/2). Thus,
we have identities

14+v5\  1+VE (i | ey, (i
( 5 )— o Un<§>+z U, 3 and

() ) (2

In [5], Chen and Louck obtained F,; = i"U,(—i/2). Thus we have
identity

]. + \/g ! _ n—1 1 + \/5 _Z ‘n—2 _Z
( 5 ) =1 TUnil 7 +1 Un,Q 7 .

Identities (24) and (25) can be used to prove the following radical
identity given by Sofo in [20]:

(aF, 4+ F, )Y™ 4+ (1) Y (Fpyy — aF,)Ym = 1. (27)

Identity (25) shows that the first term on the left-hand side of (27) is
simply «. Assume the sum in the third parenthesis on the left-hand
side of (27) is ¢, then

BczﬁFn+1_O‘6Fn:Fn+ﬁFn+l:6n+17
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where the last step is from (24) with transform n — n + 1. Thus, we
have ¢ = " If n is odd, the left-hand side of (27) isa+ 3 =1.1f n
is even, the left-hand side of (27) becomes a — || = o + § = 1, which
completes the proof of Sofo’s identity.

In general, let {a,} be a sequence of order 2 satisfying linear recur-
rence relation (1) or equivalently (4). Then we sum up our results as
follows.

Theorem 3.2 Let {a,},>0 be a sequence of numbers or polynomials
defined by the linear recurrence relation a, = pa,—1 + qa,—o (n > 0)
with initial conditions ag and a1, and let p = a+ 3 and ¢ = —a3. Then
we have identity

an = aa, 1 + (a3 — aag) 3" . (28)

In particularly, if {a, = PM(x)}, the sequence of the generalized
Gegenbauer-Humbert polynomial is defined by (14), then we obtain the
polynomial identity

PivC(x) = aPC (@) + 0722 — aC)",

where a and 3 are shown in (19) and (20). For C =1 (i.e., the gen-
eralized Gegenbauer-Humbert polynomials with respect to y), we denote

PY(z) = P%(z) and have
PW(z) = (x + Vv ) PY (z (m — /2 - y)n (29)

Actually, (29) can also be proved directly. Similarly, for the Cheby-
shev polynomials of the first kind T,,(z), we have the identity

(x+ Va2 — DT, 1(x) — Th(z) = Va2 — 1(z — Va2 — 1)" L.
Let z = cos#, the above identity becomes
e cos((n — 1)8) — cos(nh) = isin e 117,

which is equivalent to cosnf = cos(n — 1) cosf — sin(n — 1)@ sin 6.
Another example is from the sequence {a,} shown in Corollary 2.2
with ag = 1 and a; = p. Then (28) gives the identity a,, = aa,_1 + 5",
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where a = (p+ /p?>+4)/2 and § = —1/a. Similar to (24) and (25),
for those sequences {a, } with ap = 1 and a; = p, we obtain identities

n+1
— /PP +4 —\/p*+4

2 2

Ap + Ap_1.

n+1
p+/p?+4 _ pt/pPt4
2 B 2
When p = 1, the above identities become (24) and (25) respectively.
Similar, we can prove a, ., = o*a, + "ay, where a = (p+/p* +4)/2

and § = —1/a.
It is clear that if 1/a, is bounded and |3| < 1, from (28) we have

. anp,
lim = .
n—00 (yp_1
Therefore,
_F, . L, 1++5
lim = lim = )
R

The method presented in this paper cannot be extended to the
higher order setting. However, we may use the idea and a similar
argument to derive some identities of sequences of order greater than
2. For instance, for a sequence {a,} of numbers or polynomials that
satisfies the linear recurrence relation of order 3:

Gp = Pap_1 +qp_2 +T0p_3, N > 37 (30)

we set equation
3 —pt? —qt —r=0.

Using transform ¢t = s+p/3, we can change the equation to the standard
form s3> + as + b = 0, which can be solved by Vieta’s substitution
s =u—a/(3u). The formulas for the three roots, denoted by «, 3, v,
are sometimes known as Cardano’s formula. Thus, we have

a+B+y=p, af+ By +ya=—q, afy=r.

Denote y,, = a,, — aa,,_1. Then (30) can be written as

Yn = (B4 7)Un-1 — BVYn—2- (31)
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From Propositions 2.1 or 2.3, one may obtain
y1—Byo n _ Y1—YYo n g .
yn={<7—51)7 (5=2) 0 A (32)
ny1y" T — (n— 1)yov , if v=25

Therefore, from the identity y, = Yyn—1 + 5" ' (y1 — Yyo), we obtain
identity in terms of a,:

B My — ) = an— a1 — Y(an-1 — aa, )
= a, — (@ +7)ap_1 + aya, a2, (33)

or equivalently,
ap = (@ +Y)ap_ 1 — aYan_o+ B Hay — (e +7)ag +avya_y), (34)

where a_; can be found uniquely from yo = (6 + v)y1 — Byyo and
Yo = Qg — QG_1, 1.€.,

as —aay = (B +v)(a1 — aag) — By(ag — aa_q),

or equivalently,

a_ = G2 — pay —qao’ r 0.
r

We have seen the equivalence between the homogeneous recurrence re-

lation of order 3, (30), and the non-homogeneous recurrence relation of

order 2, (34).

Remark 4 Similar to the particular case shown in Proposition 3.1,

we may find the equivalence between the non-homogeneous recurrence

relation of order 2, a, = pa,_1 + ga,_o + k, and the homogeneous

recurrence relation of order 3, a, = (p + 1)an_1 + (¢ — p)an_2 + qan_3,

where k = as — pa; — qay.

Example 6 As an example, we consider the tribonacci number se-

quence generated by a, = an_1 + ap_2 + ay_3 (n > 3). Solving

3 —t2 —t —1 =0, we obtain

B = % %(19 3\/_)1/3 (19+3\/_)1/3
é %(1—#1\/_)(19 3v/33)1/3 — (1—2’\/5)(19—1—3\/@)1/3,
3= 5 - S iVB)(19 - 3VEH)S — (14 iVB)(19 +3VE)
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Substituting «, 3, v, and yo = 0 (with the assumption a_; = 0) and
y1 = 1 into (33), we obtain an identity regarding the tribonacci number
sequence {a, =0,1,1,2,4,7,13,24,...}:

(14+a+b)" ",

1 1
Gy =5 (2=a=b)a, 1+ (=3 —a—bta’ +1)a, =

where a = (19 — 3v/33)"/3 and b = (19 + 31/33)"/5.
For the sequence defined by

3n71

ap = 6a,-1 — 1la,—o + 6@,173, n = 37

with initial conditions ag = a; = 1 and ay = 2. Then, the first few
numbers of the sequence are {1,1,2,7,26,91,...}. The three roots of
3 —6t2+ 11t —6 = 0are « = 1, 8 = 2, and v = 3. Therefore,
by assuming a_; = 7/6, we obtain the corresponding yo = —1/6 and
y1 = 0 and the following identity for the above defined sequence:

An — 4y + 3ay_o = 272

n+1

for all n > 2. From [10] by Haye, a,, = { 3

} +1 (n > 0), where

Z are Stirling numbers of the second kind. Hence, we obtain an
identity of the Stirling numbers of the second kind:

RGN

The idea to reduce a linear recurrence relation of order 3 to order
2 can be extended to the higher order cases. In general, if we have a
sequence {a,} satisfying the linear recurrence relation of order r:

r
Qp = E PrAn—k-
k=1

Assume the equation t"— ", _, pgt"* = 0 has solutions ay, (1 < k <r).
Denote vy, = a, — aya,_1. Then the above recurrence relation can be
reduced to

Yn = Yn—-1 ZO&k — Yn—2 Z Q0+ Yp—3 Z Qoo — - -
k=2

2<i#j<r 2<i#j#k<r
+(_ 1)Tyn—r+1H7l;:2O‘k7
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a linear recurrence relation of order r — 1 for sequence {y,}. Using this
process, we may obtain the explicit formula of a, and/or identities in
terms of a, if we know the solution of the last equation and/or the
identities in terms of sequence {y,,}.

The process shown in Proposition 3.1 can be applied conversely to
elevate a non-homogenous recurrence relation of order n to a homoge-
neous recurrence relation of order n + 1.

4 Solutions of algebraic equations and dif-
ferential equations

The results presented in Sections 2 and 3 have more applications. In
this section, we will discuss the applications in the solutions of algebraic
equations and initial value problems of second order ordinary differen-
tial equations.

First, we consider roots of polynomials p(z) = 2" — xF,, — F,
or the solution of p(x) = 0, where {F},},>¢ is the Fibonacci sequence.
Using the identity o™ = «oF),, + F,,_1 we immediately know that the
largest root of p(z) is

1++/5
T=o=——.

Indeed, p(z) only changes its coefficient signs once, which implies that it
has only one positive root a and all of its other roots must be negative,
e.g., B = (1—+/5)/2. In [23], Wall proved the largest root of p(z) is a
using a more complicated manner.

We may write the identity o = oF,, + F,,_1 as

(1+\/5>n _ <1+2¢5> EoE L, +/5F,

2 2 ’

where L,, is the nth Lucas number. Similarly, we have

2 2

Multiplying the last two equations side by side yields (—1)" = L%QSF*%,

or equivalently, L2 = F? + 4(—1)". The last expression means 5F? +
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4(—1)" is a perfect square, or equivalently, if n is a Fibonacci number,
then 5n% 44 is a perfect square. This result is a part of Gessel’s results
in [8], but the method we used seems simpler. In addition, the above
result also shows that the Pell’s equation 22 — 5y = 44 has a solution
(2,9) = (Lu, ).

The above results on the Fibonacci sequence can be extended to the
sequence {Gp,}n>0 shown in [18] and Section 3. Consider polynomial
p(z) = 2" — G, — qG,—1 with ¢ > 1. We can see the largest root of

p(z) is (p + /P> + 4q)/2, which implies Wall’s result when p = ¢ = 1.

In addition, because of
+/p?2+4
%Gn + anfl

(p +/pE+ 4q> !
2

1
= 5 (VP +44Gu+ H,)
and
_ 2+4 " _ 2+4
PP ) po VP, L
2 2
1
- 5(_Vp2+4an+Hn)7
we have

(—q)" == (H: — (0" +49)G}) ,

1 =

or equivalently,
Hy = (p* +4q)G}, + 4(—q)".

Hence, (p®+4q)G?+4(—q)™ is a perfect square, which implies the special
case for the Fibonacci sequence that has been presented. Therefore,
Pell’s equation 2% — (p? + 4q)y? = +4¢" (p* + 4q > 0) has a solution
(z,y) = (Hn, Gn).

We now use the method presented in Section 2 to reduce an initial
problem of a second order ordinary differential equation:

v ' —py —qy=0, y'(0)=A, y(0)=DB, (35)

of second order ordinary differential equation with constant coefficients
to the problem of linear equations. Let p,q # 0, and let a and ( be
solution(s) of z*> — pr — ¢ = 0. Denote

v(z) = y'(z) — ay(z).
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Then v'(z) = y”"(z) — aw/(x), and the original initial problem of the
second order is split into two problems of first order by using the method
shown in (5) for n = 2:

V'(z) = pu(z), v(0)=A—abB;
Y (z) —ay(r) =v(z), y(0)=25.
Thus, we obtain the solutions
v(r) = (A — aB)e™,

0 ={ aalp e AmeBen) it s
y e ((A—aB)z + B), ifa=g

The above technique can be extended to the initial problems of
higher order ordinary differential equations. In this paper, we presented
an elementary method for construction of the explicit formula of the
sequence defined by the linear recurrence relation of order 2 and the
related identities. Some other applications in solutions of algebraic and
differential equations and some extensions to the higher dimensional
setting are also discussed. However, besides those applications, more
applications in combinatorics and the combinatorial explanations of our
given formulas still remain much to be investigated.
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