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Abstract

Here presented is constructive generalization of exponential Euler polynomial and exponential splines based
on the interrelationship between the set of concepts of Eulerian polynomials, Eulerian numbers, and Eulerian
fractions and the set of concepts related to spline functions. The applications of generalized exponential
Euler polynomials in series transformations and expansions are also given.
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1. Introduction

Eulerian polynomial is defined by the following equation
(cf. for examples, [1-3]):

sy - oY)

>0 (1—u)”+1 ’

It is well-known that the Eulerian polynomial, E_ (u),
of degree n can be written in the form

E, (u)=

lul<1. (1.1)

n
E(n.k)u", E,(u)=1, (1.2)

k=1

where E(n,k) are called the Eulerian numbers that can

be calculated by using

(—l)j(n}rlJ(k—j)” 1<k<n; E(n,0)=1.
(1.3)

The Eulerian number E(n,k) gives the number of
permutations of {1,2,---,n} with k—1 permutation
ascents (cf. [4]), or equivalently, the number of per-
mutation runs of length k—1 (cf. [3]), where a set of
ascending sequences in a permutation is called a run and
j is a permutation ascent if the jth term in the
permutation less than the j+1st term. A geometric
interpretation of Eulerian number E(n,k) were pre-
sented in [5] and [6], where which was found equaling to
the volume of Kk th slice of a n-dimensional unit cube,

namely, {x c [0,1]n k-1< Z?lej < k}. It is wellknown

E(n.k)=

k

]

Copyright © 2011 SciRes.

that the Eulerian fraction is a powerful tool in the study
of the Eulerian numbers, Eulerian polynomial, Euler
function and its generalization, Jordan function ( cf. [7]).
The classical Eulerian fraction, e, (X), can be ex-

pressed in the form
E
an(u):=Lun)+l, u#l. (1.4)
(1-u)

B spline functions are probably the most applicable
one-dimensional polynomial spline functions. The values
of B spline functions can be defined as the volumes of
slices of a n -dimensional cube (cf. [8]). Hence, one can
expect a tight connection between the Eulerian numbers
and the B spline function values. This is is one of the
motivations to study the interrelationship between Eule-
rian polynomials and B-splines. Another motivation is
from the construction of the exponential splines by using
the exponential Euler polynomial discussed in [9], which
will be described in this paper.

Polynomial spline functions can be considered as bro-
ken polynomials with certain smoothness, which are
used to overcome the stiffness of polynomials, for in-
stance the Runge phenomenon. One way to construct the
univariate polynomial B-splines is using divided dif-
ferences to truncated powers, and the truncated powers
can be generated by iterated integrations. An extension
called the truncated Tchebycheff functions can be con-
structed similarly using the iterated integrations with
respect to positive, smooth weight functions, and the
Tchebycheffian B-splines are linear combination of these
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truncated Tchebycheff functions. Exponential splines be-
long to a class of Tchebycheffian B-splines, which pre-
serve many features of the polynomial B-splines such as
smoothness, compact support, non-negativity, and local
linear independence. One may find more details in

[7,10,11] and [12] and some applications in [13] and [14].

In [15], Dyn and Ron considered periodic exponential
B-splines defined by weight functions W; (u) = ea‘“ri (u)
with r(u+1)=r(u), aeR, and showed these
B-splines possess a significant property of translation
invariant and satisfy a generalized Hermite-Genocchi
formula. Motivated by this work, Ron define the higher
dimensional n -directional exponential box splines in
[16].

Another approach to construct the exponential splines
to the base U is using a linear combination of the
translations of a polynomial B-spline with combination
coefficients u'. The exponential splines to the base Uu
can be presented and evaluated by using exponential
Euler polynomials, which connect to some famous
generating functions (GF’s) in the combinatorics. The
details can be found in Lecture 3 of [9-11], and Chapter
2 of [17], and we shall briefly quote them in next section.
This approach can be used to derive a strong inter-
relationship between two different fields. For instance, in
[18], the author presents the equivalence between
exponential Euler polynomials, Euler-Frobenius polyno-
mials, etc. and some frequently used concepts in com-
binatorics such as Eulerian fractions, Eulerian poly-
nomials, etc., respectively, which will be surveyed as
follows.

Let n be an integer, Nn=0 . The symbol S,
denotes the class of splines of order n, i.e., functions
s(x) satisfying the following conditions: (1)
s(x)eC""(R) and (2) s(X)em, in each interval
(J.1+1),
j=0,£1,+2,---, where =m, is the class of polynomials
of degree not exceeding n.

In the central part of Schoenberg’s lectures on
“Cardinal Spline Interpolation” (CSI) (cf. [9]), the
exponential Euler polynomial of degree n to the base
u is defined as

A (xu):= n!(l—u")fn ¢, (xu), 0<x<Lu#0,1,(1.5)
where

¢n (X;U):: iuanH (X_ J)

is the exponential spline of degree n to the base u,
where

Q, (x)=M(x;0,1,---,n)

denote the cardinal forward B-splines. Here, an ex-
ponential spline f €S, means an element in S|
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satisfying the functional equation
f(x+1)= f(x). (1.6)

Obviously, Q,(x)eS, . Therefore, ¢, €S
is easy to find ¢, satisfies (1.6).

From [9], ¢, (x;u) satisfies ¢, (x+1;u)=ug(x;u)
and is a polynomial in the interval 0<x <1 with the
form

. and it

¢, (x;u)= %(1 —u™ )n X" + lower degree terms

for 0<x<1. Hence, A (Xu) is a monic polynomial
in 0<x<1. From [9], the generating function of

{A1 (x;u)} is

u-1

e = A (x;u)! (17)

n
t e
u-—ce¢ n=0 n

Using (1.7) we may expand both sides of

u-1 1d({u-I

u-e tdx\u-e

and comparing the coefficients of power of t in the
expansions on two sides, we obtain

A (xu)=nA_ (xu). (1.8)
If x=0, then (1.7) reduces to
u-1 _ t"
. —éan(u)n—!, (1.9)

-e
where a, (u)=A, (0;u).Itis easy to see that

ﬁ(x;u)—i(?jaj(u)x”‘j. (1.10)
-0
In particular,

Aj(l;u):_zn:(rj]jaj(u). (111)

Hence, we call a,(u) the coefficient (polynomials)
of the exponential Euler polynomial A, (X;u).

In addition, multiplying (1.9) by u—e* and com-
paring the coefficients of the powers of U, we have the
relations

a,(u)=1 uan(u)=zn:[:Jak (). (1.12)

k=0

Jointing (1.11) and (1.12) yields
A, (1;u)=uA, (0;u). (1.13)

1t A (1;u)=uA) (0;u) for all integer n>0, then
(1.8) implies

A (1:u) = nAl (15u) = nuAl’ (0;u) = uA™ (0;u) .

Thus, we have
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A (1;u) =uA) (0;u) (1.14)
for all integer ¢>0.
In the following, we call
I, (u):=a, (u)(u-1)" = A (O;u)(u-1)" (1.15)
the Euler-Frobenius polynomial. Since
A (0su)=ni(1-u™)" ¢, (0;u)
h (1.16)
=ni(1-u") Du'Q,.(-i)
I, (u) defined by (1.15) can be written as
I, (u)=n>Q,,, (-j)u"’
n-1 )
=n> Q. (n—ju’ (1.17)
i=0

n-1 )
=n1> Q. (j+1)u’.
=0

From (1.17), we know II,(u) has n—1 zeros, all
negative and simple, with A a zero if and only if 1/
is. A proof can be found, for example, in [17].

On the other hand, from (1.9) and (1.15) we have

1« O(u) (-2)
e -u m(1-u)” n

Transferring z to -z, we change the above equa-
tion as
& 1, (u) 2"

I-ue” 3 (1-u)™ N’

The left-hand side of the above equation can be ex-
panded as

z

n
e I ) ) (RS T

1—ue >0 >0n>0 n

Comparing the right-hand sides of the last two equa-
tions yields

W s
(l—u) T
(1.18) implies
I, (u)=(1+nu)I1, (u)+u(1-u)II, (u). (1.19)

In the introduction, we give the following definition of
the Eulerian polynomial of degree n, which is similar to
(1.18).

sy B0

s lul<l,
>0 (l—u)

(1.20)
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where the Eulerian polynomial, E| (u) can be written
in the form of (1.2) with the Eulerian numbers calculated
using (1.3).

In addition, Eulerian fraction, denoted by ¢, (u), is
defined by

an(u)::E"—(u) u#l (1.21)

(1_u)n+1 >
Comparing (1.18) and (1.20), (1.17) and (1.7), and
(1.15) and (1.3), [18] gives the following results.
Proposition 1.1 [18] Let IT (u) and a,(u) be the
polynomials defined by (1.15) and (1.9), respectively,
and let Eulerian polynomials E, (u), Eulerian numbers
E(n,k), and Eulerian fractions a,(u) be defined by
(1.20), (1.2), and (1.21), respectively. Denote the car-
dinal forward B-spline of order n by Q,(u). Then we
can set the relationship between the concepts as

[, (u)=1 ifn=0
E"(u)_{uﬂn(u) ifn>0, (1.22)
E(n,k)=n!Q,., (k) (n>0), (1.23)

(I-u)e, (u)=1 ifn=0

3, (u)=11-u (1.24)

T(—l)n a,(u) ifn>0"

As examples of the interrelationships shown in (1.22) -
(1.24), we see

1) (n=0)ITy(u)=1, E,(u)=1;

2) (n:I)Hl(u):l, El(u):U;

3) (n=2)I,(u)=1+u, E,(u)=u+u’; etc.
and

D (1={E(LK)}={0.0.0}. {0, (K)}={0.1.0}:

2)

(n=2){EK)} = {0110}, (@, ()} ={0.5.5.0)

3)

12
(n=3){E(3.k)} ={0,1,4,1,0}, {Q4(k)}={0,g,§, ,0};
etc.

Using Proposition 1.1, [18] derives many properties of
B-spline and Euler-Frobenius polynomials readily from
the corresponding properties of Eulerian polynomials
and Eulerian numbers, and vice versa. Applications in
B-spline interpolation and evaluation of Riemann Zeta
function values at odd integers are also given in [18].

Let u#0,1. It is well-known that the Eulerian
fraction defined by (1.21) can be written as

N

o, (u):jioj!s(n,j)”—j

_ 1.25
(l—u)J+1 (1:2%)
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where S(n, j) are the Stirling numbers of the second
kind, i.e., j!S(n,j):[Ajt”Jtzo, or equivalently, the

number of partitions of n distinct elements in j
blocks.

The connection shown in Proposition 1.1 also provides
some important applications, shown in Section 2, of
B-splines and exponential B-splines to the enumerative
combinatorics. In the section, a generalized Eulerian
fraction and a generalized exponential spline to the base
u are derived. Section 3 discusses the applications of
the generalized exponential Euler polynomials in the
series transformations and expansions. Furthermore,
using the combinatorial technique, we may generate
exponential splines in higher dimensional setting, which
will be briefly described at the end of the section and will
be discussed in a later paper on the multivariate spline
functions.

2. Generalized Exponential Splines

In this section, we will introduce a generalized Eulerian
fraction, from which a generalized exponential spline to
the base U will be derived. We shall also discuss the
corresponding generalized Euler-Frobenius polynomials
and their applications.

It is obvious that (1.25) is equivalently

an(u):jios(n,j)((l_u)“)“)ui, @.1)

where u#0,1. Hence, we may extend the Eulerian
fraction to a more general case, which will be denoted by
a, (u|g(u)) and called generalized Eulerian fractions
associated with an infinitely differentiable function

g(u):
a, (u]g (u)) = g)s(n,j)g(” (u)u? (22)

Therefore, an(u)zan(u|(l—u)71). An analogue of

the coefficients of the exponential Euler polynomials
a,(u) defined by (1.10) is extended to

I _ .
de (ulg(u))= ifn=0

a (Wg(u)=1"", ’

(-1)" @, (u[g(u)) ifn>0

2.3)

which is associated with an analytic function g(u).
We now find the generating function of

{an (ulg (u))} and a, (u|g(u)).

Theorem 2.1 Let g(u) be an infinitely differentiable

Copyright © 2011 SciRes.

function, and let a,(u|g(u)) and a,(u[g(u)) be
defined by (2.2) and (2.3), respectively. Then their
exponential generating functions are

g(ue‘)zgoan(um(u))% 2.4)
and _

g(Ue’t)—l_ (el "

W*Z} (ulg(v) - 2.5)

where ue{u:g(u)zl}.

Proof. Substituting (2.2) into the right-hand side of
(2.4) and using the generalized Euler series transform
formula (cf. [19] and (3.1) in [20]), we can evaluate the
exponential generating function of «, (u| g (u)) for-
mally as

“n(“|9(u )——ZZS(H )" (u)u’

n

-T3 | S-S <>”,J,j‘

g(ue').

Similarly, by substituting (2.3) into the right-hand side
of (2.5) and applying formula (2.4) to the resulting
expression, we have

Yo, (ulg(v)

n=0 n!

- g() 22~ e (g ()

" g(u)
=1+
(U) anEJJZ(:)( SICEIC )n' g(u)-1
1 g(ue™)
= + .
1-g(u) g(u)-1
which yields (2.5) and completes the proof of the

theorem.
From a, (u|g(u

-s(5r —] ) - St (0) -

j=0\ n>0 j>0

n

tn
n!

)) we now construct polynomials

A( ; (u)) for 0<x<1 using the following expan-
sion.
g ue)-1 th
% %An (x;ulg(u ) : (2.6)

Thus, A, (x;u|g(u)) canbe evaluated from
a,(u[g(u)) as follows.

A Gela(@) = 5[0 a (o) @
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for 0<x<1. In particular, A (0;u|g(u)=a, (u| g (u))
and

n (n
A (tuls(u)= 3 o (tlo(w).
=

We call A1(X;u g(u)) the generalized exponential
Euler polynomial of degree n associated with g to
the base U, and aj(u|g(u)) the coefficient of

A (x;u| g (u)) In addition, we call A, (X;—l| g (—1)) the

generalized Euler polynomials, and A (x;—1) , the
regular Euler polynomials, are the special case of
A (x-1g(-1)) for g(u)=1/(1-u).

A generalized exponential spline function to the base
u, denoted by ¢, (X;u| g(u)), is therefore defined using
A, (x:u]g(u)) (0<x<1)as follows.

#,(xulg(v) =~ (1-g(u)) " A (xulg(w) @)

in 0<x<1. However, if one wants to extend
¢n(x;u|g(u)) to all real x associated with g(u)
such that ¢ eC"", A1(X;u|g(u)) needs to satisfy
some periodic conditions. Let us consider the class of
g(u)=(1-au)“"
Then we have the following result.

Theorem 2.2 Let function ¢, (x;u|g(u)) be defined
by (2.8) on 0<x<1 associated with g(u)=(l—au)'“_1,

where a and o« are real constants and a#0, ¢,
can be extended to a C"'(IR) continuous function for
all real x if and only if «¢=0. Furthermore, the
extension is fulfilled by the functional equation

.. (x+1;u|(1—au)'1)= aug, (x;u|(1—au)'1). (2.9)

Proof. From [9], for (2.9) combined with the condition
that ¢, (X;u|(1— au)_a_1 ) eC"'(R) require

with real constants o and a+#0.

Aj(x;u|(1—au)'“") to satisfy in [0,1] the periodic
conditions

A (1;u|(1 —au)“" ) =auA (0; ul(1-au) " ) (2.10)

for v=0,1,---,n—1. From (2.7), we have

S e latw

(n-v)ti=l
n!

A (xulg(u))=

Hence, condition (2.10) is equivalent to

Copyright © 2011 SciRes.

A, (1;u|(1—au)7“’1)= auA, (0;U|(1—au)’“")

2.11)
= aua, (u|(1— au )'“_1)
forall n>1.From (2.7) (2.3), and (2.2), we have
A1(1;u|(1—au)””l)
_ 1 nJd(n i k!(au)*
1+(1_qu)—a—l_1§§{jj( 1) S( ’ )(1_ u)a+k+1
1 nn(n i k!(au)"
= - k
1+(1—qu)al—l;Jzk{jj( l) S( 4 )(l—a )a+k+1
1 n N k!(au)k
= - k
1+ (l_qu)-a_l_lly 'Sy
53 s i) k(""“)kl}
keti=k\J (1— u)a++
(2.12)

where the last step is due to the identities
S(j+Lk+1)=S(j.k)+(k+1)S(j,k+1)
and
i[ﬂ(_l)i S(j+1.k+1)=(=1)"S(n.k).
=%

The double sum in the rightmost expression of (2.12)
can be further changed to

ki J (1—au)“+k
Cl-auf &&(n j k!(au)k
L {zz[ st

_;{jj(_l)J S(le)(l—au)‘“z]
_l-au L& (n i k!(au)k

sl G

NI

(l_au)oH-l

where the last step comes from S(j,1)=1 forall j>1.
Substituting the last expression of the double sum

k!(au)k

ZElzzk(rj‘j(—l)j (k+1)S(j.k +1)m into
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equation
kz‘sz‘i(lj( ) S(J’k)(l—au)”‘+k+1
N )" k!(au)
kZ:;( 1) S( ’ )(l—au)‘”kﬂ
_ijz"&{rj‘j(_ly(k+1)s(j,k+1)%,

which comes from (2.12), and solving the resulting equa-

tion for ZLZL@(—I)" $(j.k) KI(au)’

obtain
nnn P k!(au)
]
k=1j=k\_J (l—au)
( )k (2.13)
n n k!(au au
= -1)" S{(n, - .
aukZ:]( ) (n )(1_ au )a+k+1 (1_ au )a+1

Substituting the last equation to the first equation of
(2.12) yields

A1(1;u|(1—au)'“'1)

M S (C1)'s(nk) ki(au)’
(1-au)“" 1S ' (1—au)‘”k”
~ au
1-(1-au)™"

au —a-1

=]-——— +auA (O;ul(1-au R

1_(l_au)oz+1 Ah( |( ) )

where the last step is implied by
A (O;u| 1-au) “" ) =a, (u|(1 —au)’“'l)
k
_ (_ ) Zn: ( ) k’(au)
(1-au)™ -1ia (1-au)™™"
(see (2.2) and (2.3). Therefore, if
A (1;u|(1—au)’“’l): auA, (O;u|(1—au)’”’
a =0. The sufficiency is obvious. This completes the
proof of the theorem.
Remark 3.1 Other generalized exponential splines are

planed to be constructed. And the properties of the
exponential splines need to be investigated.

- ) , then

3. Applications in Series Transformations
and Expansions

All formulas presented in this section are formal iden-
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tities in which we always assume that X#1 or x#-1
according as (1- X) or (1+ X) appears in the
formulas.

Theorem 3.1 Let g(u) and h(u) be infinitely diffe-
rentiable on [0,00), and let A (x;u|g(u)) (0<x<1)
be the generalized exponential Euler polynomial to the
base u defined by (2.6) or (2.7). Then we have formally

3 (n(k)-h(0))g"
(

k

k=1

~(g(w)- >in )

k=

(3.1)
A (0:u[g (u)),

where u is not any polesof g(u) and A (0;u[g(u))
forany k>1.

Proof. First, we apply the operator g(UE) to the
infinitely differentiable function h(t) at t=0, where
E is the shift operator.

On the other hand, we can present

g (WE)(1),_, = 9(ue® (1),

j=0 k=0
=3[ g (o) i X | Ly
5[ So 01 oo

By applying (3.1) in [19] to the inner sum of the
rightmost side of the above equation for f (t)=t“ and
noting S(k, j)= (Ath) /j !, we obtain

g(uE)(t)]
:ki)(% Alts) gl u)%}%h(k)( )
é(%s(k g JJ%h(")(O)

which implies (3.1) by writing
h(0)g(u)=>,..h(0) g® (0)u*/k! formally, where for
(*) and (**) we use (2.2) and (2.3), respectively.
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This completes the proof of the theorem.

Remark 4.1 The series transformation formulas (3.1)
have numerous applications by setting different infinitely
differentiable functions for g(x). For instance, If
g(u)= (l—u)f1 , then (3.1) becomes to

© - k+1
S (n(k)-h(O)u = 31 0) ;-] 4 (0:0).62
k=1 k=1 1-u
where U #1 and the relation (1.5) has been used.
Evidently, when h(u) is a polynomial, formulas (3.1)
and (3.2) become closed form of summation formulas
with a finite number of terms. Moreover, the Right-hand
side of each formula may also be viewed as a GF for
the sequence of coefficeients contained in the power
series on the left-hand side. For example, if h(u)=u,
noting

Kk

A (O3u) = 20

'Qu.i (1)

we have
& (tuy u) ‘

At the end of this section, we will show a way to
extend our construction of exponential splines to the
higher dimensional setting. First, we shall adopt the
multi-index notational system. Denote
A) K= (%, %),

tz(tl,---

g, (ue “‘) 1

i=1 gi (Ui)—l

e

Moreover, we write t* =t -t with
A= (21,~~,/1r ),r being non-negative integers. Also,
A>0 means 4 >0 (i=1,--,r), and 2>x means
Az forall i=1,--,r

We now define a generalized higher dimensional ex-

>

ponential polynomials Az(m)) as follows.

Definition 3.2 Let g;(u;) be any given formal power
series over the complex number field C with g, (0)=1.

Copyright © 2011 SciRes.

Then A, (x;u[g(u)) defined by

r g(UeM) L
TR
tl

_ZA(m ())M

20

(
QE;)_I %
g(u)-1 ¢

(3.3)

are called the generalized higher dimensional expon-
ential Euler polynomials of degree A associated with
g to the base U, where U e[O l] In particular, for

( ) l/ (l u) (3 3) defines higher dimensional expon-
ential Euler polynomials Ai()A(;l]) of degree A to the
base U by

I, S =>A (%0 ) (3.4)
Ui 220
Let U= (—1,—1,...,—1) . Then the polynomial
A, (%(~1,-+-,~1)) defined by (3.4) is called the higher
dimensional (regular) Euler polynomial of degree A.
The more details will be given in a later paper.
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