Schroder matrix as inverse of Delannoy matrix

Sheng-liang Yang®*! Sai-nan Zheng®, Shao-peng Yuan?, Tian-Xiao He®
@ Department of Applied Mathematics, Lanzhou University of Technology, Lanzhou, 730050, Gansu, PR China

b Department of Mathematics, Illinois Wesleyan University, Bloomington, IL, 61702, USA

Abstract

Using Riordan arrays, we introduce a generalized Delannoy matrix by weighted
Delannoy numbers. It turn out that Delannoy matrix, Pascal matrix, and Fi-
bonacci matrix are all special cases of the generalized Delannoy matrices, mean-
while Schréoder matrix and Catalan matrix also arise in involving inverses of the
generalized Delannoy matrices. These connections are the focus of our paper.
The half of generalized Delannoy matrix is also considered. In addition, we
obtain a combinatorial interpretation for the generalized Fibonacci numbers.
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1 Introduction

The Pascal matrix [2-4] appears often in combinatorics, probability and linear al-
gebra. The infinite lower triangular Pascal matrix P is defined by generic term
Dnk = (Z), where the binomial coefficient (Z) counts the number of lattice paths from

(0,0) to (n — k, k) with steps (1,0) and (0, 1), which satisfy the recurrence relation

()= () ()
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It is easy to check that the inverse of P is P~ = ((=1)"7*(})) 0"

The generic term f,, , = (nﬁ k) of the Fibonacci matrix F = (f, k)n k>0 counts the
number of lattice paths from (0,0) to (n — k, k) with steps (0,1) and (1, 1), and the
entries of the Fibonacci matrix F satisfy the recurrence relation

fn+1,k+1 = fn,k + fn—l,k'

The first few rows of F and F~! are:

100000
010000 1 000
011000 01 0 00
0 -1 1 0 0
F=10021200 Fl—
001310 ’ 02 =2 10
000341 0 =5 5 =31

The row sums of F are the Fibonacci numbers defined by ordinary generating function

> o Fra™ = ———. In this inverse ', if we ignore the signs, we find that the row

sums are the Catalan numbers C),, which are defined by ordinary generating function

00 n _ 1—/1—-4z
Zn:() Cnaj - 2x .

The Delannoy number d(n, k) may be defined as the number of lattice paths from
(0,0) to (n, k) with steps (1,0), (0,1), and (1,1). If we introduce the infinite lower
triangular Delannoy matrix D = (dp x)nk>0 by dnr = d(n — k, k). Then its entries

satisfy the recurrence relation

dn—i—l,k—i—l = dn,k—H + dn,k + dn—l,ka

and d, ; counts the number of lattice paths from (0,0) to (n — k, k) with steps (1,0),
(0,1) and (1,1). The first few entries of D and D! are as follows:

10 0 0 0O 1 0 0 0 0 0
110 0 0O -1 1 0 0 0 0
13 1 0 00O 2 =3 1 0 0 O
p=|15 5 1 00 Dl = -6 10 -5 1 0 O
1713 7 10 22 =38 22 -7 1 O
19 25 25 9 1 —-90 158 —-98 38 -9 1




An immediate calculation show that the row sums of the Delannoy matrix D are the
Pell sequence 1,2,5,12,---, while the row sums of unsigned entries of D~! are the
large Schréder numbers 1,2,6,22, - see [7,19].

The analogue between the Pascal matrix, Fibonacci matrix, and Delannoy matrix
motivate us to study a more generalized situation. In this paper, by using Riordan
arrays, we introduce a generalized Delannoy matrices by weighted Delannoy numbers.
It turns out that Delannoy matrix, Pascal matrix, and Fibonacci matrix are all spe-
cial cases of generalized Delannoy matrices, meanwhile Schréoder matrix and Catalan
matrix also arise in involving inverses of weighted Delannoy matrices. These con-
nections are the focus of our paper. The half of generalized Delannoy matrix is also
considered. In addition, we obtain a combinatorial interpretation for the generalized

Fibonacci numbers.

2 Riordan arrays

Riordan arrays were first introduced in 1991 by Shapiro et al. [16], and many works
and applications on this subject have been done, for example [5,6,8,9,17]. An infinite
lower triangular matrix D is called a Riordan array if its column k& ( K =0,1,2,---)
has generating function g(z)f(z)¥, where g(x) = >°7, gox™ and f(z) = > 07, fua"
are formal power series with gy # 0, fo = 0 and f; # 0. That is, the general term of
array D is d,, ; = [2"]g(z) f(x)*, where [2"|h(x) denotes the coefficient of 2™ in power
series h(z).

Suppose we multiply the array D = (g(x), f(x)) by a column vector (b, by, ba, .. .)T
and get a column vector (ag, ar,as,...)T. Let b(z) be the ordinary generating func-
tions for the sequence (b, by, bs,...)T. Then it follows that the ordinary generating
functions for the sequence (ag,ay,as,...)T is g(x)b(f(z)). If we identify a sequence

with its ordinary generating function, the composition rule can be presented as

(9(), f(2))b(x) = g(x)b(f(x)). (1)

This is called the fundamental theorem for Riordan arrays and this leads to the



multiplication rule for the Riordan arrays ( see Shapiro et al [16]):

The inverse of (g(z), f(z)) is

(9(2), f(@)) ™" = (1/g(f(2)), f(2)), (3)

where f(z) is the compositional inverse of f(x).
The bivariate generating function D(x,y) of the Riordan array D = (g(z), f(z))
is given by

D) = (oo}, ) = = s ()

Lemma 2.1 ( [8]). Let D = (d, ) be an infinite lower triangular matrix. Then
D is a Riordan array if and only if dyy = 1 and there exists two sequences A = (a;);>0

and Z = (z;)i>0 with ag # 0 such that

dps1 k1 = odp g + ar1dy i1 + aodp o + -+ 0, k=0,1,---,

dpt10 = 20y + 21dpy + 22dpo+--- ,n=0,1,---

Such sequences are called the A-sequence and the Z-sequence of the Riordan array
D, respectively.

Lemma 2.2( [8]). Let D = (g(z), f(z)) be a Riordan array with inverse D~ =
(d(x),h(x)). Then the A- and Z-sequences of D are

Alr) = 751 2(0) = (1= d(w)) )
Example 2.1. (a) It is well known that the Pascal matrix P = ((})) can be
expressed as the Riordan array ( 1 — T :c) and the generating functions of its A- and
Z-sequences are A(z) = 1+ x, Z(x) = 1. More generally, for the generalized Pascal
array Pr] = (r"7*(})), we have P[r] = (2=, =), Plr]™' = (& L.

re’ l—rx 1+rx? 1+rx

1—
(b) The Fibonacci matrix F = (( .)) can be expressed as the Riordan matrix
= (

1, 2C(=x)).

4

F = (1,x + 2?), and its inverse is F !



The set of all Riordan arrays associated with the usual row-by-column product
shown in (2) forms a group denoted by %, where I = (1, z) acts as the identity for
this product, that is, (1, ) * (d(z), h(x)) = (d(z), h(x)) * (1,z) = (d(z), h(x)). A
subgroup, denoted by £, of Z is the set of of Bell-type arrays or renewal arrays, that
is the Riordan arrays D = (d(z), h(x)) for which h(z) = xzd(x), which was considered
in the literature [15].

He [9] uses the sequence characterization of Bell-type Riordan array to define
(¢,7)-(generalized or parametric) Catalan numbers with parameters ¢ and r, which
have the generating function

_ 1—(c—r)x—+/1=2(c+r)z+ (c—r)2a?
2rx '

der(2)

(6)

(6) was shown in (10) of [9]. The corresponding Bell-type Riordan arrays (d. (), zd.,(x))
are called the (c,r)-(generalized or parametric) Catalan triangles. The Taylor expan-
sion and some properties of the generalized Catalan numbers and generalized Catalan
triangles are presented. In addition, [9] gives some combinatorial interpretations for
the Bell-type Riordan arrays including those of the generalized Catalan triangles. [9]
also discusses the inverse of the generalized Catalan triangles, from which the expres-
sions of the parametric Catalan numbers and triangles in terms of classical Catalan

numbers are given. All of those results will be useful in Sections 3 and 4 of this paper.

3 Generalized Delannoy matrix

We consider those lattice paths in the Cartesian plane starting from (0,0) that use
the steps E, D, and N, where E = (1,0), a east-step; D = (1, 1), a diagonal-step; and
N = (0,1), a north-step, with assigned weights e, d, and w, respectively, where e, d
and w are positive integers. Many properties and applications of Delannoy numbers
have been discussed [1,10,12,13,20,21]. In combinatorics, we regard weight as the
number of colors and normalize by setting w = 1. Let P be a path. We define the
weight w(P) to be the product of the weight of the steps. Let A(n, k) be the set of
all weighted lattice paths ending at the point (n — k, k) and let B(n, k) be the set

5



of lattice paths in A(n, k) which have no east steps on the x-axis. The generalized
Delannoy numbers a,, are the sum of all w(P) with P in A(n, k) and b, are the
sum of all w(P) with P in B(n, k).

The array A is called the generalized Delannoy matrix of the first kind, and the
array B is called the generalized Delannoy matrix of the second kind. It is straight
forward to show that the array A = (a,x)nk>0 satisfies for n > 0 and k£ > 0 the

recursion equation

U1t = €Apjr1 + Qn g + dan_1 (7)

with the conditions apg = 1 and a,, = 0if n < 0 and a, = 0 if n < k. Using this

recursion equation we get the generating function A(z,y) of the array (a, ) is

Ay =3 anpay = . (8)

P — 2.,
e 1—ex —axy— dz?y

Similarly, the array B = (b, x)n k>0 satisfies for n > 0 and k£ > 0 the recursion

equation
bt k1 = €bp 1 + by i + dbp_1 g 9)

with the conditions by =1, b, o = 0if n > 1 and b, = 0 if n < k. Hence we have

B(z,y) = i i bmkx”yk = 1 —cx (10)

~er — 1 — dr2y
i 1—ex—axy —dr?y

Some entries of the arrays A and B are:

1 0 0 0 0

e 1 0 0 0

2 2 +d 1 0 0

A=1 3 3:2242d  3e+2d 10 :

et 4e’ +3e’d 6e? +6ed+d*> 4de+3d 1
10 0 0 0
0 1 0 0 0
0 e+d 1 0 0
B=10 24ed 20424 10
0 e3+e%d 3e2+4ded+d?> 3e+3d 1




Theorem 3.1. The generalized Delannoy matrices of the first kind and of the

second kind can be represented by Riordan arrays as
A 1 7x—|—dx2 B= 17$+dx2 .
l—ex 1—ex 1—ex

Proof From (4), the bivariate generating function of the Riordan array (4 M)

l—ex’ l—ex

: 1 z+dz? 1 _ 1 1 _ 1

is <1761, 176x> T T T g ey Hence, the result follows by
—€ex

(8). In a similar way we can prove another result. O

Corollary 3.2. The general terms of the arrays A and B are given by

S ()5 ) m

bi (‘;) (Z '61 )el—f—’fd’f. (12)
k=0 J

It is easy to see that after deleting the first column and the first row of B, we

@i,j

obtain a Bell-type Riordan array ((1+ dz)/(1 — ex), (z + dz?)/(1 — ex)). Hence, its
inverse ((1+dz)/(1 —ex), (z + da?)/(1 —ex)) " = (f(z;e,d), zf(z;e,d)) is also a
Bell-type Riordan array. From (30) and (10) of [9], we have

1+ ex —\/e2a? +2(e + 2d)x + 1

flwie.d) = T

= d_(eta),—a(7),

where d.,(z) is shown in (6).

Let A, = ZZ:O an . Then A, is the sum of the weights of all lattice paths from
origin (0, 0) to the line  +y = n using steps (1,0), (1,1) and (0, 1) with weights e, d,
and 1, respectively. Setting y = 1 in the above proof, we get the generating function

for the row sums of A is

°° 1
"= . 1
nZ:OAnx 1—(1+e)x —da? (13)

Therefore, the sequence {4, } satisfy the following recurrence relation :

An = (6 + 1)An—1 + dAn—Qa n Z 27



with Ag = 1 and A; = e+ 1. The sequence {A,} is called generalized Fibonacci

numbers, and by (13) its generic element is

2
Av=) ( ) )(e+ 1)k gk,

k=0

Let B, = ZZ:O byk. Then B, is the sum of the weights of all lattice paths from
origin (0,0) to the line  + y = n using steps (1,0), (1,1) and (0,1) with weights e,
d, and 1, respectively, and without step (1,0) on the z-axis. The generating function
for the row sums of B is

> 1—ex
B,x" = . 14
; ¢ 1—(1+4e)x—da? (14)

Therefore, the sequence { B, } satisfy the following recurrence relation :
B, = (6 + 1)Bn71 + dan% n = 27

with Bg = 1 and B; = 1. Furthermore, By = Ay, and B, = A, —eA,_1 = A,_1 +
dA,,_o forn > 1.

In the case e = 1 and d = 0, we have A = ( L ), which is the Pascal matrix

-2’ 1—x

P. Whene=d=1, A= <ﬁ, ﬁt’i) is the Delannoy matrix D whose row sums are
Pell numbers. When ¢ = 0, and d = 1, A = (1, z + 2?) is the Fibonacci matrix F. So
we can consider the generalized Delannoy matrices A as an extension of the Pascal

matrix, Delannoy matrix and Fibonacci matrix.

4  Generalized Schroder matrix

In this section, we consider those lattice paths from (0,0) with steps E = (1,0),
D =(1,1) and N = (0, 1) which are endowed with weighs d, e and w = 1, respectively.
Let R(n, k) be the set of all weighted lattice paths ending at the point (n — k,n) and
that its last step is not east step and that never falling below the line y = x. Let
S(n, k) be the set of lattice paths in R(n, k) which have no diagonal steps on the
line y = . Let 7, be the sum of all w(P) with P in R(n,k) and let s, be the

8



sum of all w(P) with P in S(n,k). Then r,(e,d) = rno + drp1 + -+ + d"ry,, is the
sum of weights of all weighted paths ending on (n,n) that never falling below the line
y =z, and s,(e,d) = Sp0 + dsp1 + -+ + d"s,, is the sum of weights of paths with
no step (1,1) on the line y = x and ending on (n,n) and that never falling below the
line y = z. We call r,, (e, d) the n-th large weighted Schréder number and 7, (e, d) the
n-th small weighted Schroder number. The array R is called the generalized Schréder
matrix of the first kind, and the array S is called the generalized Schroder matrix of

the second kind. Some entries of the arrays R = (rnx)ni>0 and S = (Spx)ni>0 are:

1 0 0 0
e 1 0 0
e+ ed 2¢e +d 1 0

e+ 3e2d + 2ed®  3e? + Hed + 2d? 3e + 2d 1
et+6e3d+10e2d2+5ed®  4e34+14e2d+15ed?+5d3  6e2+1led+5d2  4e+3d

0
0
0
0
1

1 0 0 0
0 1 0 0
0 e+d 1 0

S=1 0 243ed+2d> 20424 1
0 e3+6e2d+10ed?+5d3 3e2+8ed+5d%2 3e+3d

0
0
0
0
1

By considering the positions preceding to the last step of a lattice path in R(n, k),

we have rgg =1, o, = 0 for £ > 0 and
Prtthit = Togp+(e+d)rp i1+ (e+d)d T ot +(e+d)d " ry,, nk >0, (15)

Tnt1,0 = €Tpo +edrp1 + -+ +ed"ryp,, n > 0. (16)
Similarly, the array S = (s, )nx>0 satisfies the recurrence
St kil = Snpt(et+d)s, 1+ (e+d)ds,prot -+ (e+d)d s, n, k>0, (17)
with the conditions spo =1, 5,0 =0if n > 1 and sg, =01if £ > 1.

If d =0 and e # 0, we find that R = (4 w)flz(l ), and S =

l4ex’ 1+ex l—ex’ 1—ex
(L)
’ 14ex

= (1, ﬁ) , which are the generalized Pascal matrices.

9



Theorem 4.1. If d # 0, then the array R has a Riordan array expression given

by
1 z—dz?\ "
- = (1
R (o Trar) = (e o),
where h(z) = 1—%—\/&:;—(2:3%.

Proof By the formulae (15) and (16), the A- and Z- sequences of the array R are
A=(1,(e+d), (e+d)d,---)and Z = (e,ed,ed?,- - - ), or A(z) = ¥ and Z(z) = =

1—dzx -

Hence, form Lemmas 2.1 and 2.2, the array R is a Rioran array (g(z),h(x)) and

_ . 1teh(z) _ 1 . . . .
h(z) = x ah(a)” g(x) e Solving these functional equations, we obtain
—er— e“xrc—(4e xr
h(z) = & Ve ;d (etid) 1 and g(x) =1+ eh(x). O

In (9) of [9], by transforming ¢ to e + d and r to d, one may obtain the following
corollary.
Corollary 4.2. 1If d # 0, then the array S can be expressed as

S— <1 x—d:v2>1_ (1 1—€$—\/€2$2—(26+4d)$+1>

1+ex 2d

From (28) of [9], noting d,,—1 x—1 = Sn and transforming ¢ to e +d and r to d, we

ke~ (n\/2n—k—i—1\ ,
k= — 1dnfsz.
S n%(z)( n—=k—1 )e

Hence, we have the following relationship between s, ; and 7, .

have

Corollary 4.3. For the generalized Schroder matrix of the first kind R = (7,,1)
and the generalized Schroder matrix of the second kind S = (s,,x), there holds

Tnk = Sn,k + €Sn k+1-

Theorem 4.4. The generating function for the large weighted Schroder numbers is

given by

1 —ex —+/e2a? — (2e + 4d)z + 1

10



Proof By definition, r,(e,d) = r,o + drp1 + -+ + d"rp,. Hence, R(x;e,d) =
o0 n 1+eh(z h(x 1—ex—+/e222—(2e+4d)z+1
Yrcorn(e.d)a® = (1 +eh(x), h(z)) =g = 11th§$; - % = — e$2da; —

1+eh(z)
1—dh(z) " 0

Here we have used the fact h(z) = x -

Theorem 4.5. The generating function for the small weighted Schroder numbers

is given by
1 — 2x2 — (2 4d 1
S(z;e,d) = tex—y/eta? — (2e + dd)r + , and
2(e+d)x
_ — (e +d)a?
LS(ese,d)) = (1, Tt
e (e

Proof By definition, s,(e,d) = s, + dsp1 + -+ + d"s,,. Hence, S(x;e,d) =

oo n 1+ex—q/e222—(2e+4d)z+1
Zn:O 8”(67 d)Z‘ = (17 h(l’)) 1jdx - 17d1h(:)3) - 2etd)z . From the state-
ment after Theorem 3.1, we immediately know that (1, S(z;e,d))™! = (1, %) )

O

From Theorem 3.1 and Theorem 4.1, the Delannoy matrix A and Schroder matrix

R are inverse each other in the view A~ = ((=1)"*r, ), and R™! = ((=1)" Fa,z).
Similarly, the Delannoy matrix B and Schroder matrix S are inverse each other. We

state this interesting result in the following theorem.

Theorem 4.6. Let M denote the Riordan array (1, —x), then
A= MRM, R = MAM,
Bt = MS8M, S = MBM.

Example 4.1. If e = d = 1, then R(z;1,1) = =z=1-6zta” W is the generating

function for the large Schroder numbers, and S(z;1,1) = =i -brta” W is the gen-

erating function for the small Schroder numbers. Some entries of R and S are as

follows:
1 0 0 0 00 1 0 0 0 0O
1 1 0 0 00 01 0 0 00
2 3 1 0 00 0 2 1 0 00
R = 6 10 5 1 0 0 . S=|0 6 4 1 00
22 38 22 7 10 0 22 16 6 1 0
90 158 98 38 9 1 0 90 68 30 8 1

11



These are Schroder triangles discussed in [11,14].
Example 4.2. If e = 0, d # 0, then R(2;0,d) = S(x;0,d) = =4 m = C(dx),
where C(z) is the generating function for the numbers. Some entries of R = S are

as follows:

0
0
1

L~ O
_ o O O
_ O O O O
O O OO OO

5d®  5d*  3d
14d* 14d® 9d* 4d 1
4245 42d* 28d% 14d* 5d

— OO O OO o o o

1
0
0
0 24> 2d
0
0
0

This is the Catalan triangle discussed in [18].
Example 4.3. If e = 1 and d = 2, then R(z;1,2) = i=e=vi-10zta” W, and
S(z;1,2) = He=vd=10mte® gome entries of R and S are as follows:

1 0 0 0 0 0 1 0 0 0 0 0
1 1 0 0 0 0 0 1 0 0 0 0
3 4 1 0 0 O 0 3 1 0 0 O
R = 5 21 7 1 0 O ,S=10 1L 6 1 00
93 132 48 10 1 O 0 93 39 9 1 0
645 921 348 84 13 1 0 645 276 72 12 1
10 0 0 0 O 100 0 0 O
1 1.0 0 0 O 01 0 0 0 O
1 4 1 0 0 O 03 1 0 0 O
A=| 1 7 1 0 0  B=|03 6 1 00
1 10 22 10 1 O 03 15 9 1 0
1 13 46 46 13 1 0 3 24 36 12 1

Example 4.4. If e = 2 and d = 1, then R(z;2,1) = 1=2z=vlSzida? 4y

2z

12



S(z;2,1) = 1+2x_v(};8x+4x2. Some entries of R and S are as follows:

1 0 0 0 0 0 1 0 0 0 0 0
2 1 0 0 0 0 0 1 0 0 0 0
6 5 10 0 0 0 3 10 0 0
R = 24 24 8 1 0 0 ,§=10 12 6 1 0 0
114 123 51 11 1 0 0 57 33 9 1 0
600 672 312 87 14 1 0 300 186 63 12 1
1 0 0 0 0 0 10 0 0 0 O
2 1 0 0 0 0 o1 0 0 0 O
4 5 1 0 0 0 o3 1 0 0 0
A= 8 16 &8 1 0 O . B=]10 6 6 1 00
16 44 37 11 1 O 0 12 21 9 1 O
32 112 134 67 14 1 0 24 60 45 12 1

5 Half of the Delannoy matrix

Denote by H(n, k) the set of all weighted lattice paths ending at the point (n — k,n)
and using steps £ = (1,0), D = (1,1), and N = (0,1) with weights d, e, and
1, respectively. Let h,; be the sum of all w(P) with P in H(n,k). Recall that
A(n, k) is the set of all weighted lattice paths ending at the point (n — k, k) and
the generalized Delannoy numbers a,j are the sum of all w(P) with P in A(n, k).

Hence, hy,; = aan—kn, and the matrix H = (hnx)ni>o is the right-hand side of the

generalized Delannoy matrix A = <1_1 e wlte(jf):
hop 0 0 0 0 0 apo 0O 0 0 0 0
hiop hii O 0 0 0 a1 ap; 0 0 0 0
hoo hoi heo O 0 0 as2 a3z azz O 0 0
H=1| hso hsi hsa hsz O 0 - | =] a3 as3z as3 azz 0 0
hao har hap haz hga 0 - ag4 Qra G4 Q54 Q44 0
hso hsi hsa hsz hsa hss - Q10,5 Q95 ags Qrs Ggs Ass

13




If d =0, then A = (1,2 + ex?). Therefore, a,; = [2"](x +ex?)* = (nfk)e”_k, and

1 T
l—ex’ 1—ex

n

Pge = Gz = (")) €" . Consequently H = (

). In general, we have the
following results.

Theorem 5.1. The inverse of the triangle H is given by the Riordan array

2t 1 —2dz — dex? x — da?
B l+ex 7~ l14exr )’

Proof By considering the positions preceding to the last step of a lattice path in
H(n, k), we have hog = 1, hg = 0 for k£ > 0 and

Dottt = Mo+ (d+€) b i1+ (d+e)d Py yo+- -+ (d+e)d ™ hy, nk >0, (18)
Briio = (2d+€)hpo+2(d+e)dh, 1 +2(d+e)d*hp ot - -+2(d+e)d hppn, n > 0. (19)
Therefore, H = (hnx)ni>o0 is a Riordan array whose A- and Z-sequences are are
A= (L, d+e,(d+e)d, (d+e)d*, (d+e)d, ),
Z = (2d +e,2(d + €)d,2(d + e)d*, 2(d + e)d®, - - -).
Thus, the generating function of the A- and Z-sequences are A(z) = £ and Z(x) =

2d+e+dex -1 __ 1—2dx—dex? z—dz?
Mrerdes By Lemma 2.2, 0 = (12t o), O

Corollary 5.2. If d # 0, then the triangle H is given by the Riordan array
2= 1 1 —ex —y/e2a? — (2e + 4d)z + 1
Ve2r? — (2e +4d)x + 17 2d '
_ _ _ 1 1—/1-4x -1 _
Example 5.1. If e = 0 and d = 1, then H = <\/1_4w, 5 ), H =
(1—2z,2 —2%),and A= (ﬁ, ﬁ)
Example 5.2. If e = 1 and d = 1, then H = (\/17619:“2, 1’x*V§*6w+x2), H =
(He= ) and A= (5 52).
— _ _ 1 1—-z—v1-10x+x2
Example 5.3. If e = 1 and d = 2, then H = (yoby, Lozl
H-L = (1—41—2x2 x—2z2> and A = ( 1 x+$2)‘

14+« 7 14z 1227 12z

Example 5.4. If e = 2 and d = 1, then H = (\/178;4932, 1_2’””12_8‘”4302),
H_l — (172:p72x2 a:fxz), and A — <L x+2x2).

1+2z 7 142z -z’ 1—x
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