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Abstract

With the aid of multivariate Sheffer-type polynomials and differ-
ential operators, this paper provides two kinds of general expan-
sion formulas, called respectively the first expansion formula and
the second expansion formula, that yield a (Brﬁtructive solution
to the problem of the expansion of A(f)f(g(t)) (a composition
of any given formal power series) and the expansion of the mul-
tivariate entire functions in terms of multivariate Sheffer-type
polynomials, which may be considered an application of the first
expansion formula and the Sheffer-type operators. The results
are applicable to combinatorics and special function theory.
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differential operators, multivariate weighted Stirling numbers,
multivariate Riordan array pair, multivariate exponential poly-
nomials.

1 Introduction

The purpose of this paper is to study the following expansion problem.

ProbleAm 1. Let { = (tla t27 s 7tr)7 A(E)v g(t) = (gl(tl)a g2<t2)7 T 7gr<tr))
and f(t) be any given formal power series over the complex number

field C" with A(0) = 1, ¢;(0) = 0 and ¢}(0) #0 (i = 1,2,--- ,7r). We

~

wish to/ﬁ\nd the power series expansion in ¢ of the composite function
(D) F(g(8).

For this problem, there is a significant body of relevant work in terms
of the choices of univariate functions A(¢) and g(t) (see, for example,
Comtet [5]). Certainly, such the problem is of fundamental importance
in combinatorial analysis as well as in special function theory, inasmuch
as Val"iO/lE generating functions (GF’) often used or required of the form

A(t)f(g(t)). In the case of » = 1, it is known that [5] has dealt with
various explicit expansions of f(g(t)) using either Faa di Bruno formula
or Bell polynomials. In addition, for » = 1, such a problem also gives a
general extension of the Riordan array sum. Here, the Riordan array is
an infinite lower triangular matrix (@, g )nreny With a, x = [£*]A(t)(g(t))*,
and the matrix is denoted by (A(t),g(t)). Indeed, if f(t) = t*, then
A(t)f(g(t)) is the kth column sum of the array; i.e., A(t)f(g(t)) yields
the GF' of the kth column of (A(%),g(t)). Hence, the row sum can be
also used to derive the Sheffer-type polynomials from the Riordan array
(cf. our recent work L?D In this paper we will show that a power series

expansion of A(#)f(g(t)) could quite readily be obtained via the use
of Sheffer-type differential operators. Also it will be shown that some
generalized weighted Stirling numbers would be naturally entering into
the coefficients of the general expansion formula developed.

We now give the definitions of the Sheffer-type polynomials, an ex-
tension of the Appell polynomials (¢f. Barrucand [1] and Sheffer [14]),
and the Sheffer-type differential operators (see Section 2).

—_

Definition 1.1 Let A(t) and g(t) be defined as in Problem 1. Then the
polynomials py () (n € NTU{0}) as defined by the GF
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AB)e D =37 pa (@) (1.1)

n>0
are called the Sheffer-type polynomials, where py(2) = 1. Accordingly,
pa(D) with D = (Dy, Dy -+ -, D,) is called Sheffer-type differential oper-

ator of degree i associated with A(t) and g(t). In particular, ps(D) = I
18 the identity operator.

Note that for r = 1, {p,(z)} is also called the sequence of Sheffer
A-type zero, which has been treated thoroughly by Roman [11] and
Roman-Rota [12] using umbral calculus (c¢f. also Broder [3] and Hsu-
Shiue [9]).

For the formal power series f(£), the coefficient of t* = (1)1, 452, - )
is usually denoted by [t*]f (tA)./\Accordingly, (1.1) is equivalent to the
expression py (1) = [t*]A(f)e®9®). Also, we shall frequently use the no-
tation

pA(D) f(0) = [pA(D) f(D)]is- (1.2)
In the next section, we shall give the expansion theorem for our
problem. As an application of our results, in Section 3 we shall find the
series expansion of the multivariate entire function f(2) defined on C" in
terms of multivariate Sheffer-type polynomials. As for this expansion,
we would like to mention the related work in Boas-Buck [2], in which
the univariate case for entire functions was thoroughly discussed, and
the expansion coefficients were described by using contour integrals. In
this paper, we will show that the expansion of the multivariate entire
function f(2) possesses a much simpler form in terms of multivariate
Sheffer-type polynomials. All of those results including other applica-
tions will be presented in the following sections, which will show how
Sheffer-type polynomials and operators could make the entire thing both
simplified and generalized.

2 The First expansion theorem and its con-
sequences

In what follows we shall adopt the multi-index notational system. De-
note
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t=(t, -, t,), 2= (v, ,2,),
t+a= i+, -t +x,),
Oz(o -+,0), D= (Dy,---,D,),
(i > 0)

D= ZxDz, T g szgz (t;).

Here, we define D; = 0/0t; as the partial differentiation with respect to
t;. Also, F; means the shift operator acting on t;, namely for 1 <7 < r,

Eif(ee tie) = floetit1,..),
szzf( ’t“...) — f( 7ti_|_zi7...).

Formally we may denote E; = eP" = exp (9/0t;). Moreover, we write

th = - tM with A = (A,---,\), 7 being non-negative integers.
Also, A > 0O means \; >0 (i =1,---,7), and A\ > p means \; > y; for
alli=1,--- 7

Let g;(t)(i =1,--- ,r) be the formal power series in ¢ over the com-

plex number field C’ Wlth 9:(0) = 0,4/(0) # 0. Let A(t) be a multiple
formal power series in ¢ with A(0) = 1. Then a kind of r-dimensional
Sheffer-type polynomial px(Z) = py, .. », (21, -+, 2,) of degree A\ with
highest degree term x}" - .-z can be defined via the multiple formal
power series expansion

0= 3" p@)e (2.1)

A>0

For the formal power series f(f), the coefficient of t* is usually de-
noted by [t*]f (f).AAccordingly, (2.1) is equivalent to the expression
pa(2) = [tF]A(£)e®9). Throughout this section all series expansions are
formal, so that the symbolic calculus with formal differentiation oper-
ator D = (Dy,---,D,) and shift operator E = (Ey,--- ,E,) can be
applied to all formal series, where E? (i € C") is defined by

E*f(f) =B Er f(D) = f(t+13) (2€C),
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and satisfies the formal relations
Ef=e"P (3eC) (2.2)
because of the following formal process:

B f(0) = f(2) = 3 5(&- D)'f(0) = P £(0).

As may be observed, the following theorem contains a constructive
solution to Problem 1 mentioned in §1.

Theorem 2.1 (First Expansion Theorem) Let A(t), f(t), and com-

ponents of g(t) each be a formal power series over C", which satisfy
A(0) =1,¢:(0) = 0 and ¢;(0) #0 (i =1,---,r). Then there holds an

expansion formula of the form

= t'pA(D)f(0), (2.3)
A>0

where p/\(D) are called Sheffer-type r-variate differential operators of
degree X associated with A(t) and g(t), and

0 0

p)\(b)f(O) :pA<8_tl’ T 78_t)f(t1> to 7t7")|f:0'

Proof. Clearly, the conditions imposed on g/(t\) ensure that the method
of forrnal power series applies to the composite formal power series

A(b) f (g(t)) Thus, using symbolic calculus with operators D and E,
we find via (2.2)

A f(9(t) = AGETD £(0) = AB)e" 0P £(0) = S t*pa(D) £(0).

A>0

This is the desired expression give by (2.3).
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Remark 2.1 For r = 1 pp(D)(k = 0,1,2,---) satisfy the recurrence
relations

k
(k + )pesr (D Z a; + BjD)pr—;(D) (2.4)
=0

with po(D) = I and «;, 5; being given by

= (j+ D] log A(t), 8; = (j + D[t ]g(t). (2.5)
Accordingly we have
k
(F + Dpeia(z) = Z Aja(@)pr—; () (2.6)
where \ji1(x) are given by
Ar () = (G + DIE] log(A(t)ers®), 2.7)

Thus, from (2.6)-(2.7) we may infer that the differential operators py(D)’s
satisfy the relations (2.4) with «y, §; being defined by (2.5).

Remark 2.2 If f(z) = )" b,2™ be a formal power series and a,j =
[t"]A(t) (g(t))*, then A(t)f(g(t)) yields the GF of the column of

0,0 0 0 0o --- bo
1o Aain 0 o --- bl
G20 A21 0Aa22 o --- by

(c¢f. Theorem 1.1 of Shapiro-Getu-Woan-Woodson [13] and Sprugnoli
[15]). From the description on the Riordan array shown as in the intro-
duction, A(t)f(g(t)) can be considered as an infinite linear combination
of column sums of the array (A(t), g(t)).

Noting that formula (2.3) is equivalent to the computational rule:

pi(#) = [t A (D)) - (2.8)
= p(D)f(0) = [TAWD) f(9(t)). (2.9)

Of course the number-sequence {p,;(D)f((A))}EZ@ has the GF as A(f)f(g/(t\)).
Several immediate consequences of Theorem 2.1 may be stated as
examples as follows.
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—_

Example 2.1 For A(f) = 1 and g(t) = fvve see that (2.3) yields the
Maclaurin expansion f(#) = > oaso DM F(0) /AL where Al = (Aq)!-- - (AL,

—_—

Example 2.2 If A(%),g(z) and f(2) are entire functions with A(0) =
1,9:(0) = 0,9:(0) # 0 for ¢ = 1,2,--- ,r, then the equality (2.3) holds
for the entire function A(2)f(g(z)) (with ¢ = 2).

—_

Example 2.3 As an example of (2.1), we set A(#) = 1 and exp(i-g(t)) =
exp(xy(e™ — 1)+ xo(e” — 1) + -+ + z,(e — 1)) in (2.1) and obtain

90 = 373 (@)1, (2.10)

A>0

where

a(2) = Iy, ()

and 7,(s) is the Touchard polynomial of degree u. Hence we may call
72(Z) the higher dimensional Touchard polynomial of order A.

Example 2.4 Sheffer-type expansion (2.1) also includes the following
two special cases shown as in Liu [10]. Let A(f) = 2™/(expd i t; +

1)m’ g/(?) = (tlﬁ T 7t7‘)’ and €xp (‘f ’ g/(t\)> = exrp (22:1 mztz)a then the
corresponding Sheffer-type expansion of (2.1), shown as in [10], have the
form

" E{(2)
z-g(t) _ A A
Af)e™ 9 = Z VI
A>0
where E/(\m) (2) (A > 0) is defined as the mth order r-variable Euler’s
polynomial in [10].
Similarly, substituting A(#) = (3_1_, )™ /(expd_i_, t; — )™, g(t) =

—

(t1,--+ ,t.), and exp (:f: : g(t)) =exp (> _, x;t;) into (2.1) yields

N o B{™ (%)
z-g(t) _ A A
A(f)e™9® = Z—M £,
A>0
where B/(\m) () (A > 0) is called in [10] the mth order r-variable Bernoulli

polynomial. Some basic properties of E/(\m) (%) and B/(\m) (Z) were studied
in [10].
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Example 2.5 For the case A() = 1, the expansion (2.3) is essentially
equivalent to the Faa di Bruno formula. Indeed, if g(t) = Zmz(l,--- 1) Wi

t™/(m)!, where az = aM,,, ---a,, , it follows that e*9®) may be writ-
ten in the form

L tme
Z-g(t) _ 177 0
e = IT,_,exp {z; E a'’ o, ] }

mg>1
= IIj_ 1(”23_{2“ ¢ By, (091, a® ,---)}) (2.11)
ke>1 Tje=1

so that

p(@) = (P10 =TT S5 B, ).

Je=1

Consequently we have

(1] £(g(t)) = Iy 1A | ZB/\UZ N.a®y, - ) D f(0).
Je=1
This is precisely the multivariate extension of the univariate Faa di
Bruno formula (cf. Constantine [6] for another type extension).

[(d/dt)* f(g(t))]s— O—ZBk] "(0), ) f(0). (2.12)

Note that By, ,(a'9,a®y, - -+ ) is the so-called incomplete Bell poly-
nomial whose explicit expression can easily be derived from the relation
(2.11) (c¢f. [5] for the setting of r = 1), namely

me(a([)h a®y, .- 7G(Z)Ag_j£+1)
Al a®, a®,
_ ch!@!..( e (G2 ) e (2.13)
(o)
where the summation extends over all integers ¢y, ¢, - -+ > 0, such that

01+202+303+"':kand01+62+"':j.
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Example 2.6 For j = 0,1,---,m, let f;(t) be a formal power series
satisfying the conditions f;(0) = 0 and fjl-(()) # 0. Denote (fjo f;—1)(t) =
fi(fi=1(t))(4 > 1), then the power series expansion of (f,, o fj,—10---0
fo)(t)(m > 2) can be obtained recursively via the implicative relations

pir(x) = [tF]e" ool
— (D) fi41(0) = [t*](fi10 fi o fo)(1), (2.14)

where 1 < j <m — 1, and p;i(D) are Sheffer-type operators.

Remark 2.3 For any power series f with f(0) = 0 and f’(0) # 0, the
compositional inverse of f will be denoted by f{~ so that (f" o f(t)) =
(f o fi=1 (t)) = t. Now suppose that fi,---, and f,, are given as in Ex-
ample 2.6 and that

Im(t) = (fm 0 frm1 00 fo)(t)

is a known series, but fy(t) is an unknown series to be determined.
Certainly one may get fo(t) via computing

(Vo fs o £V 0 g (1) = folt). (2.15)

Here it may be worth mentioning that the processes (2.14) and (2.15)
suggest a kind of compositional power-series-techniques that could be
used to devise a certain procedure for the modification of a sequence
represented by the coefficient sequence of fy(t).

Example 2.7 For the case of r = 1, let B,(z),C\”(z) and T"(z)
be Bernouilli, Charlier and Touchard polynomials, respectively. Then,
for any given formal power series f(t) over C we have three weighted
expansion formulas as follows

) = Y SB)) (216
e fllog(L+1t)) = Y _t"CYUD)F0) (a#0) (2.17)

(L=0Pf(e'=1) = Y "TP(D)f(0) (p>0)  (2.18)
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Actually, (2.16)-(2.18) are just three instances drawn from the fol-
lowing table of special Sheffer-type polynomials, Bn(D),C’T(La)(D) and
T )(D) may be called Bernoulli’s, Charlier’s and Touchard’s differen-
tial operators, respectively.

A(t) g(t) pu(z) | Name of polynomials
t/(e' —1) t LB, (z) Bernoulli
2/(et +1) t LE,(z) Euler
¢! log(1 + t) (PC), () Poisson-Charlier
e~ (o #£ 0) log(1 + t) o (2) Charlier
1 log((14+t) / (1—=1)) | (ML),(x) Mittag-Leffler
(1—1) log((141t) / (1=1) |  pal(x) Pidduck
(1—8)2(p > 0) t/(t—1) L V() Laguerre
eM(X £ 0) 1 —¢ (Tos)\Y (z) Toscano
1 el —1 T () Touchard
1/(1 + 1) t/(t—1) A () Angelescu
(1—1)/(1+1)? t/(t—1) (De),(x) Denisyuk
(1—1)"7(p>0) et —1 TP (z) Weighted-Touchard
(1—eMyp et —1 B () Boole

The higher dimensional Touchard polynomials, Euler’s polynomials,

and Bernoulli polynomials are shown in Examples 2.3 and 2.4. Hence,
the corresponding expansions (2.3) associated with the higher dimen-
sional polynomials can be immediately drawn. Interest readers may
extend the remaining Sheffer-type polynomials shown in the above ta-
ble to the setting of r-dimension, thus establishing the corresponding
expansions (2.3).

Remark 2.4 The general expansion formula (2.3) can also be employed
conversely. For instance, when r = 1, suppose that we are concerned
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with a summation problem of power series > o a(k)t*, where {a(k)} is
a given sequence of complex numbers. If there can be found three power
series A(t), g(t) and f(¢) (with A(0) =1,¢(0) =0, [t]g(t) # 0) such that
a(k) = pr(D)f(0), where pi(D) are Sheffer-type operators associated
with A(t) and g(¢), then the series Y o° a(k)t* can be represented by
A(t)f(g(t)). In this case Y po, a(k)t* is said to be Af(g)-representable.
Surely, the class of Af(g)-representable series is a useful concept in the
Computational Theory of Formal Series as well in the Computational
Combinatorics (see [7] for different approach for Y, ., a(k)t*).

Let us discuss the convergence of the formal expansion (2.3). We
now consider the setting of » = 1 and the higher dimensional case can
be discussed similarly.

Definition 2.2 For any real or complex series Y reok, the Cauchy
root is defined by p = limy_o0|a|*. Clearly, > 72 aj converges abso-
lutely whenever p < 1.

With the aid of Cauchy root, we have the following convergence
result.

Theorem 2.3 Let {px(D)f(0)} be a given sequence of numbers (in R
or C), and let 6 = klim Ipe(D)f(0)|**. Then for any given t with t # 0

we have the convergent expressions (2.3), provided that 6 < 1/|t|.

Proof. Suppose that the condition § < 1/|t| (t # 0) is fulfilled, so that
6|t| < 1. Hence the convergence of the series on the right-hand side of
(2.3) is obviously in accordance with Cauchy’s root test.

3 Generalized Stirling Numbers and the
expansion of entire functions

We now introduce a kind of extended weighted Stirling-type pair in the
higher dimensional setting.

Definition 3.1 Let A(t) and g/(t\) be a formal power series defined on
Cr, with A(0) = 1,¢;(0) = 0 and ¢{(0) # 0 (i = 1,2,---,r). Then
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we have a multivariate weighted Stirling-type pair {o(h, k), o0* (A, k)} as
defined by

1o . PN
EA(t)Hi:I (g:(t)" =D aln, k)= (3.1)

' >k '

1 T\_l r * k; K/~ T "
EA(Q (6) Ty (g ()" =)o (A k)=, (3.2)
) >k

where A(-)~" is the reciprocal of A(-), g/*(?) = (g7(t1),g5(ta), -+, gr(t.)),
and g = ¢;=Y s the compositional inverse of g; (i =1,2,---,r) with

g;(0) = 0, [ti]g;(t:;) # 0, and 0(0,0) = ¢%(0,0) = 1. We call o(n, k)
the dual of o*(n, k) and vice versa. We will also call o(n, k), o*(n, k)

—

the multivariate Riordan arrays and denote them by (A(f),g(t)) and
(1/A(g/*(t\)),g/*(t\)), respectively. The multivariate weighted Stirling-
type pair {o(i, k), o (i, k)} can also be called the Riordan array pair

=

with respect to A(t) and g(t).

Theorem 3.2 The equations (3.1) and (3.2) imply the biorthogonality
relations

> o(m,n)ot (k)= > o (m,n)o(n, k) =0, (3.3)

m>a>k m>a>k

with d,; denoting the Kronecker delta, i.e., 0,; = 1 if m = k and 0
otherwise. It then follows that there hold the inverse relations

fa= Y ol k)gy <= ga= > o (k) f; (3.4)

A>k>0 A>k>0

N\ -1
Proof. Transforming t; by ¢7(¢;) in (3.1) and multiplying A (g*(t)) (k!)
on both sides of the resulting equation yields

=S ol k) S A @) T (62 (1) (3.5)

!
Al
>k

By substituting (3.2) into the above equation, we obtain
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’FLZ]% m>n

k! m $/A A A 1

= D" D ot a)o(ak)
m>k m>a>k

Equating the coefficients of the terms #™ on the leftmost side and the
rightmost side of the above equation leads (3.3), and (3.4) is followed
immediately. This completes the proof.

n
From (3.3), we can see that the 2r dimensional infinite matrices

<a(ﬁ, ff)) and (a* (n, l%)) are inverse for each other, i.e., their product
is the identity matrix <5ﬁ S
F) k>0
As an application of Theorem 3.2, we now turn to the problem for
finding an expansion of a multivariate entire function f in terms of a
sequence of higher Sheffer-type polynomials {p,}. For this purpose, we
establish the following expansion theorem.

Theorem 3.3 (Second Expansion Theorem) The Sheffer-type operator
pa(D) defined in (2.3) has an expression of the form

pa(D) = = Z a(ﬁ,/%)f)k. (3.6)

Proof. Using the multivariate Taylor’s formula and (3.1) we have for-
mally

A D) = AG)S L1 g5 (1) D F(0)

— k!
E>0
PN AR P
= D | 2_ola k)= | D*f(0)
k>0 \a>k

I
Q
>
>
o>
ol
~
=
=| %

a>0 \Aa>k>0
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Thus the rightmost expression, comparing with (2.3), leads to (3.6).

We have the following corollaries from Theorem 3.3.

Corollary 3.4 The formula (2.3) may be rewritten in the form

ADF0) =Y 5 | S e b O] 37)
7>0 n>k>0

where o (i, k)’s are defined by (3.1).

Corollary 3.5 The multivariate generalized exponential polynomials re-
lated to the generalized Stirling numbers o(n, k) and o*(n, k) are given,
respectively by the following

alpa(@) = Y o, k)it (3.8)

A>k>0

and
alpy () = > o* (i, k)i, (3.9)

where py(Z) and pt () are multivariate Sheffer-type polynomials associ-
ated with {A(f), I (g:(t:))"} and {A(g*(t)) ™", T (g7 ()"}, respec-
tively.

Polynomials defined by (3.8) and (3.9) can be considered as the
higher dimensional exponential polynomials, and the corresponding num-
bers when £ = (1,---,1) can be called the higher dimensional Bell
numbers.

Applying the inverse relations (3.4) to (3.8) and (3.9) we get

Corollary 3.6 There hold the relations
> ot (h, k)klp(2) = & (3.10)

and
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> o(h, k)klp;(2) = 2", (3.11)
A>k>0
These may be used as recurrence relations for p;(&) and pf(Z) respec-

tively with the initial conditions py(2) = pj(2) = 1.

Evidently (3.6) and (3.7) imply a higher derivative formula for A(#)f(g(t))

at t = 0, namely

We now establish the following theorem.

Theorem 3.7 If f(2) is a multivariate entire function defined on C7,
then we have the formal expansion of f in terms of a sequence of mul-

tivariate Sheffer-type polynomials {p;} as
F2) = am(3), (3.12)
k>0
where
]%| x(~ 1N\ D A
ap =Y =0 (. k) D f(0) (3.13)
n>k
or
g, = Ap(D)£(0) (3.14)
with
(3.15)

Proof. Let f(2) be a multivariate entire function defined on C", then,

we can write its Taylor’s series expansion as
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f2) = o (i, k)klpg(2)
7>0 ’ A>0 C a0

Zpk k'Z—a (nkD"f Zakpké

>0 Ak E>0

where «; can be written as the forms of (3.13) or (3.14)-(3.15), which
completes the proof of the theorem.

u
Remark 3.1. From (3.13), it is easy to derive Boas-Buck formulas (7.3)
and (7.4) (cf. [2]) of the coefficients of the series expansion of an entire
function in terms of polynomial pg(z). Indeed, for the fixed k, using
(3.13), (3.2), and Cauchy’s residue theorem yields

o = 3 Bot (0 = Y (Al () 6 (1)) £(0)
1S GO
“%ﬁgmmwmﬂmﬁ

_ L[ (S0
o 2mi Jp A(gr(t)) (; el )dt

L @)t (e (g*()*
— 2w Jr A(g(t)) (Zktn+1)dt 27”}{ Ay (Q)F(C)dé,

n—=

where F(¢) is the Borel’s transform of {f,, = f™(0)/n!}.
We now give two algorithms to derive the series expansion (3.12) in
terms of a Sheffer-type polynomial set {p, () }nen.

Algorithm 3.1

Step 1 For given Sheffer-type polynomial {p,(x)},en, we determine its
GF pair (A(t),g(t)) and the compositional inverse g*(t) of g(t).

Step 2 Use (3.2) to evaluate set {o*(n, k) },>, and substitute it into (3.13)
to find ay (k> 0).
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Algorithm 3.2

Step 1 For given Sheffer-type polynomial {p,(z)}.en, apply (3.8) to ob-
tain set {o(n, k) bn>k>o-

Step 2 Use (3.3) to solve for set {o*(n, k) },,>x and substitute it into (3.13)
to find ay (k> 0).

It is easy to see the equivalence of the two algorithms. However, the
first algorithm is more readily applied than the second one.

Example 3.1 If p,(x) = 2™/n!, then the corresponding GF' pair is
(A(t),g(t)) = (1,t). Hence, noting ¢g*(t) = t and A(g*(¢))"! = 1, from
(3.2) we have

o* (i, k) = Op s,
the Kronecker delta. Therefore

o= Y 1o ()7 0) = £9(0)
n=k

and the expansion of f is its Maclaurin expansion.
Example 3.2 We now use Algorithm 3.1 to find the expansion of an
entire function in terms of Bernoulli polynomials.

Since the GF' of the Bernoulli polynomials is A(t)exp(xg(t)) with
A(t) =t/(e' —1) and g(t) = ¢, we have the compositional inverse of g(t)
as g*(t) =t and

Alg" ()~ = (¢" = )/t

Hence from (3.2) we can present

1 * -1/ % k 1 t k—1 1 - thrk*l
Al OGO = gyl =0t =
> 1 =~ 1 [(n4+1\t

= —tn: —_—.
Z::k!(n—k+1)! ;n+1( k )n!

Hence o*(n, k) = (") /(n+1). Substituting this expression into (3.13)
yields
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Noting f(t) = 307, f™(0)t" /n! formally, for k = 0, we can write ap as

00 =Y om0 = [ st

n=0

and for & > 0 we have

- 1 n - 1 n Bt
T ;(n—kﬂ)!f( 0= 2 CErESEAR AN

n=k—1

— j;i (f@ﬂ(0>1)5—1xn‘x:1<_tf%—lwo)

which are exactly the expressions of the expansion coefficients obtained
on page 29 of [2], which were derived by using contour integrals.

Example 3.3 Let p,(z) be the Laguerre polynomial with its GF pair

(), 9(t) = (1~ 1) 7,1/t — 1)), p > 0, then g*() = t/(t — 1) and
A(g*(t))™' = (1 —¢)7P. Thus, using a similar argument of Example 3.2,
we obtain

o (n, k) = (—1)’”;—; (”Zf; 1).

Hence, the coefficients of the corresponding expansion (3.12) can be
written as

— k! = —1
o =Y Mo = Yo (") )
n=~k n=k

for k=01, --.
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Example 3.4 If expansion basis polynomials are Angelescu polynomial,
A, (z) (n € N), then their GF pair is (A(t),g(t)) = (1/(1+1),t/(t—1))

and the dual o*(n, k) can be found as follows:

(k) = (—1)n! [2 (" . 1) - (Z)] |

Substituting the above expression of o*(n, k) into (3.13) yields the co-
efficients of expansion (3.12) as

- -1 n
=S (=g 2" . QI
o= (1 - ()] o
for k=0,1,---.
Remark 3.2 The partial sum in (3.12) can be used to approximate the
entire function f(2). However, the corresponding remainder and error
bound remain to be further investigated.

4 More Applications and Selected Exam-
ples

Here we shall mention several examples in order to indicate some appli-
cations of what has been developed in §2 —§3. In order to compare some
of them with the well-known results, we only consider the applications
in the univariate setting, r = 1.

Example 4.1 Taking A(t) = 1, ¢(t) = log(1 +1), so that g*(t) = ' — 1,
we see that (3.8)-(3.9) of Corollary 3.5 yield

n

m(”) — (x)n:iSl(n,k)xk (4.1)

nlr,(z) = ZSQ(n,k‘)xk, (4.2)

k=0

where 7,(z) is the Touchard polynomials mentioned in Example 2.3.
Here (4.1) is a familiar expression defining Stirling numbers of the first
kind. (4.2) shows that the GF of Stirling numbers of the second kind is
just the Touchard polynomial apart from a constant factor n!.



20 T. X. He, L. C. Hsu, and P. J.-S. Shiue

Example 4.2 Taking A(t) = 1,9(t) = e’ —1 and f(t) = €', we find that
Corollary 3.4 gives

R "

n=0 k=0

where the inner sum contained in the RHS of (4.3) represents Bell num-
bers W,,. Thus (4.3) is just the well-known formula

_ N
=> W (4.4)
n=0

Example 4.3 The inverse expression of (4.2) is given by

> Si(n, k)kin(x) = 2™, (4.5)

Actually this follows easily from (3.11). Note that n!7,(1) = W,. Thus
(4.5) implies

Xn: Sy (n, k)W = 1. (4.6)

k=0
This seems to be a “strange identity”, not easily found in the combina-
torial literature.

Example 4.4 There are two kinds of weighted Stirling numbers, S%a) (n, k)
and S5 (n, k), defined by (¢f. Carlitz [4] and Howard [8])

[e.9]

;l ~t(log(1+1))F = Z s‘“) (4.7)
n—k

;, (I 's“” (4.8)
n=k

where o # 0. Comparing with (3.1) and (3.2) we have here

Alt) =e ", g(t) = log(1 +1),g"(t) = e — 1.

Note that Sf (n, k) and S )(n k) do not form a weighted Stirling-type
pair as defined by (3.1)-(3.2), inasmuch as A(g*(t))~' # e*. However,
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for a = 0, pair of (4.7) and (4.8) is obviously a special case of pair
(3.1) and (3.2). Making use of (3.8) and the table for Sheffer-type
polynomials, we can obtain

nlC@) Z S8 (n, k) (4.9)
and
I(Tos)\™)( ZS (4.10)
Accordingly,
nlCO1) = > S (nk) (4.11)
k=0
nl(Tos)\ (1) = Y S (n, k), (4.12)
k=0

where numbers given by (4.12) are the generalized Bell numbers.

Example 4.5 The well-known tangent numbers 7'(n, k) and arctangent
numbers 7%(n, k) are defined by

1 i
- (tan 0 = > =T(nk) (4.13)
! = nl
1 i
E(arctan tF = Z ET* (n, k). (4.14)
’ n=k

Evidently (3.7) implies the following expansions

f(tant) = Z n ZT (n, k) f®(0)) (4.15)

f(arctan t) = Z n ZT* (n, k) f®(0)). (4.16)

Moreover, we have a pair of exponential polynomials and inverse rela-
tions as follows:



22 T. X. He, L. C. Hsu, and P. J.-S. Shiue

nlgn () = kzn; T(n, k)z" (4.17)
g, () = Z T*(n, et s
kZ:) T (n, k)k!gy(z) = 2" (4.19)
; T(n, k)klg;(x) = 2", (4.20)

where g, (z) = [t"] exp(z tan t) and ¢*(x) = [t"] exp (x arctan ).

Remark 4.1 Obviously, a weighted Stirling-type pair {o(n, k), c*(n, k)}
defined in (3.1)-(3.2) satisfies the biorthogonal relation

Z o(m,n)o*(n, k) = Z o*(m,n)o(n, k) = dmk
k<n<m k<n<m

with d,,, denoting the Kronecker delta, while the weighted Stirling num-
ber pair {SEQ)(n, k), Séa)(n, k)} does not satisfy the biorthogonal rela-
tion . Hence, from each element of the latter pair we can construct
the corresponding weighted Stirling-type biorthogonal pair. In Section
3, we have seen that weighted Stirling-type pair {o(n,k),o0*(n,k)} is
equivalent to a Riordan array pair.

Remark 4.2 There is an interesting combinatorial interpretation of
the relation (4.12). It is known that Broder’s second kind of ¢-Stirling
number, denoted by {}}, (¢f. [3]), has its denotation and combinato-
rial meaning as follows. {Z} , = the number of partitions of the set
{1,2,--- ,n} into k non-empty disjoint subsets, such that the integers
1,2,---,/ are in distinct subsets.

Of course, we may define {Z}e = 0 whenever k > n or £ > k. As

may be observed from [3], the numbers Sg) (n,k) as defined by (4.8)

with @ = ¢ are just equivalent to {Ziﬁ ,~ Thus the equality (4.12)
(0)

precisely means that n!(T0s),’(—1) gives the number of partitions of
the set {1,2,3,--- ,n + £} into at least ¢ disjoint non-empty subsets
such that the integers 1,2,--- , and ¢ are in distinct subsets.
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Evidently, Séo) (n, k) = {Z}O = {Z}l = Sél)(n, k), so that for £ =0
we have the particular case

n!(Tos)V(=1) = W,.

References

[1] Barrucand, P., Sur les polynémes d’Appell généralisés. (French) C.
R. Acad. Sci. Paris Sér. A-B 274 (1972), A1109-A1111.

[2] Boas, R. P. and Buck, R. C., Polynomial Expansions of Analytic
Functions, Springer-Verlag, New York, 1964.

[3] Broder, A. Z., The r-Stirling numbers, Discrete Math., 49(1984),
241-259.

[4] Carlitz, L., Weighted Stirling numbers I, II, Fibonacci Quarterly,
18(1980), 147-162, 242-257.

[5] Comtet, L., Advanced Combinatorics-The Art of Finite and Infinite
expansions, Dordrecht: Reidel, 1974.

[6] Constantine, G. M. and Savits, T. H., A multivariate Faa di Bruno
formula with applications, Trans. Amer. Math. Soc. 348 (1996),
no. 2, 503-520.

[7] He, T. X., Hsu, L. C., and Shiue, P. J.-S., The Sheffer group and
the Riordan group, manuscript, 2006.

[8] Howard, F., Degenerate weighted Stirling numbers, Discrete Math.,
57(1985), 45-58.

[9] Hsu, L. C. and Shiue, P. J.-S., Cycle indicators and special func-
tions, Ann. of Combinatorics, 5(2001), 179-196.

[10] Liu, G., Higher-order multivariable Euler’s polynomial and higher-
order multivariable Bernoulli’s polynomial, Appl. Math. Mech.
(English Ed.) 19 (1998), no. 9, 895-906; translated from Appl.
Math. Mech. 19 (1998), no. 9, 827-836(Chinese).



24 T. X. He, L. C. Hsu, and P. J.-S. Shiue

[11] Roman, S., The Umbral Calculus, Acad. Press., New York, 1984.

[12] Roman, S. and Rota, G.-C., The Umbral Calculus, Adv. in Math.,
1978, 95-188.

[13] Shapiro, L. W., Getu, S., Woan, W. , and Woodson, L. C., The
Riordan group, Discrete Appl. Math. 34 (1991), no. 1-3, 229-239.

[14] Sheffer, I. M. Note on Appell polynomials, Bull. Amer. Math.
Soc. 51, (1945), 739-744.

[15] Sprugnoli, R., Riordan arrays and combinatorial sums, Discrete
Math. 132 (1994), no. 1-3, 267-290.



