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Abstract

A sequence of polynomial {a,(x)} is called a function sequence
of order 2 if it satisfies the linear recurrence relation of order
2: ap(z) = p(x)an—1(x) + q(x)an—2(x) with initial conditions
ap(z) and aq(x). In this paper we derive a parametric form of
an () in terms of e with ¢(x) = B constant, inspired by Askey’s
and Ismail’s works shown in [2] [6], and [18], respectively. With
this method, we give the hyperbolic expressions of Chebyshev
polynomials and Gegenbauer-Humbert Polynomials. The ap-
plications of the method to construct corresponding hyperbolic
form of several well-known identities are also discussed in this

paper.
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1 Introduction

In [2, 6, 18], a type of hyperbolic expressions of Fibonacci polynomials
and Fibonacci numbers are given using parameterization. We shall
extend the idea to polynomial sequences and number sequences defined
by linear recurrence relations of order 2.

Many number and polynomial sequences can be defined, charac-
terized, evaluated, and/or classified by linear recurrence relations with
certain orders. A number sequence {a, } is called a sequence of order 2
if it satisfies the linear recurrence relation of order 2:

Uy = AGp_1 +ban o, 1> 2, (1)

for some non-zero constants p and ¢ and initial conditions ag and a;. In
Mansour [21], the sequence {a,},>¢ defined by (1) is called Horadam’s
sequence, which was introduced in 1965 by Horadam [14]. [21] also
obtained the generating functions for powers of Horadam’s sequence.
To construct an explicit formula of its general term, one may use a
generating function, characteristic equation, or a matrix method (see
Comtet [8], Hsu [15], Strang [24], Wilf [26], etc.) In [5], Benjamin and
Quinn presented many elegant combinatorial meanings of the sequence
defined by recurrence relation (1). For instance, a,, counts the number
of ways to tile an n-board (i.e., board of length n) with squares (repre-
senting 1s) and dominoes (representing 2s) where each tile, except the
initial one has a color. In addition, there are p colors for squares and
q colors for dominoes. In particular, Aharonov, Beardon, and Driver
(see [1]) have proved that the solution of any sequence of numbers that
satisfies a recurrence relation of order 2 with constant coefficients and
initial conditions ag = 0 and a; = 1, called the primary solution, can be
expressed in terms of Chebyshev polynomial values. For instance, the
authors show F,, = i "U,(i/2) and L, = 2i~"T,(i/2), where F, and
L, respectively are Fibonacci numbers and Lucas numbers, and 7T}, and
U, are Chebyshev polynomials of the first kind and the second kind,
respectively (see also in [2, 3]). Some identities drawn from those rela-
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tions were given by Beardon in [4]. Marr and Vineyard in [22] use the
relationship to establish an explicit expression of five-diagonal Toeplitz
determinants. In [12], the first two authors presented a new method to
construct an explicit formula of {a,} generated by (1). For the sake of
the reader’s convenience, we cite this result as follows.

Proposition 1.1 ([12]) Let {a,} be a sequence of order 2 satisfy-
ing linear recurrence relation (1), and let o and [ be two roots of of
quadratic equation 2> —ax — b= 0. Then

an:{ () o = () 07, if a2 6 2)

na;a" ' — (n — 1)aga™, if a=p.

If the coefficients of the linear recurrence relation of a function se-
quence {a,(z)} of order 2 are real or complex-value functions of variable
z, i.e.,

an(m) = p(x)an—1<m> + Q(x)an—2<x>7 (3)
we obtain a function sequence of order 2 with initial conditions ag(x)
and a;(x). In particular, if all of p(x), q(x), ag(x) and a,(z) are poly-

nomials, then the corresponding sequence {a,(x)} is a polynomial se-
quence of order 2. Denote the solutions of

t* — p(a)t — q(z) =0
by a(x) and B(z). Then

o(x) = 5 (pla) +/PP()  2a(w), B(x) = 5 (o) — ViP() T 4q()).
(@

Similar to Proposition 1.1, we have
Proposition 1.2 [12] Let {a,} be a sequence of order 2 satisfying the

linear recurrence relation (3). Then

an(r) =

{ (lehplomse)) an(a) — (oo gr(), if a(2) # Ba)

nay(2)a™ 1 (x) — (n — Lag(x)a” (x). if a(z) = B(x),

where a(x) and B(x) are shown in (4).
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In this paper, we shall consider the polynomial sequence defined by (3)
with ¢(x) = B, a constant, to derive a parametric form of function
sequence of order 2 by using the idea shown in [18]. Our construc-
tion will focus on four type Chebyshev polynomials and the follow-
ing Gegenbauer-Humbert polynomial sequences although our method
is limited by those function sequences.

A sequence of the generalized Gegenbauer-Humbert polynomials
{PMC(2)},>0 is defined by the expansion (see, for example, [8], Gould
[10], Lidl, Mullen, and Turnwald[20], the first two of authors with Hsu

[11])

O(t) = (C — 2t +yt*) > =Y Pv(a)tr, (6)
n>0
where A > 0, y and C' # 0 are real numbers. As special cases of (6), we
consider P2 (z) as follows (see [11])
PYUY(2) = U,(x), Chebyshev polynomial of the second kind,
PY2LY () = 4, (z), Legendre polynomial,

n

P (2) = P, (x), Pell polynomial,
plia <§> = F,.1(x), Fibonacci polynomial,
pL21 (g) = ®,.1(x), Fermat polynomial of the first kind,

PL*2() = D, (z,a), Dickson polynomial of the second
kind, a # 0, (see, for example, [20]),

where a is a real parameter, and F,, = F,,(1) is the Fibonacci number.
In particular, if y = C = 1, the corresponding polynomials are called
Gegenbauer polynomials (see [8]). More results on the Gegenbauer-
Humbert-type polynomials can be found in [16] by Hsu and in [17] by
the second author and Hsu, etc.

Similarly, for a class of the generalized Gegenbauer-Humbert poly-
nomial sequences defined by

An—1
x—
Cn
for all n > 2 with initial conditions
Py (x) = ®(0) = C 7,
Pf"y’c(x) = d'(0) = 2AxC 1,

2 +n—2

P () =y~

P9 (z) =2 Py%C(x)  (T)
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the following theorem has been obtained in [12]

Theorem 1.3 ([12]) Let x # ++/Cy. The generalized Gegenbauer-
Humbert polynomials { P (x)},>0 defined by expansion (6) can be
expressed as

<m + 2?2 — C’y)n+1 — (:C — 2= Cy)nH

PIvC(r) = 07
2y/x2 = Cy

(8)

We may use recurrence relation (6) to define various polynomials
that were defined using different techniques. Comparing recurrence
relation (6) with the relations of the generalized Fibonacci and Lucas
polynomials shown in Example 4, with the assumption of PO1 v =
and Pll’y’c = 1, we immediately know

PytNa) = 2aP (x) — Pyl (x) = U, (22;0,1)
defines the Chebyshev polynomials of the second kind, and
Pyt (@) = 20,5 (2) + Py (@) = Pa(22;0,-1)

defines the Pell polynomials.

In addition, in [20], Lidl, Mullen, and Turnwald defined the Dickson
polynomials are also the special case of the generalized Gegenbauer-
Humbert polynomials, which can be defined uniformly using recurrence
relation (6), namely

Dn(l‘; a)) = JZDn_l(I‘; a) — aDn_Q(x; a) = P7172a’2(:p)

with Dy(z;a) = 2 and Dq(z;a) = x. Thus, the general terms of all of
above polynomials can be expressed using (8).

For A = y = C = 1, using (8) we obtain the expression of the
Chebyshev polynomials of the second kind:

Un(x) = (x+Va? = )" — (z — \/m)nﬂ7

2va? —1
where 2?2 # 1. Thus, Us(x) = 42% — 1.
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For A = C =1 and y = —1, formula (8) gives the expression of a
Pell polynomial of degree n + 1:

(o + VT I™ — (g = VAEF I

Friale) = 2V +1

Thus, Py(z) = 2z.
Similarly, let A = C' = 1 and y = —1, the Fibonacci polynomials
are
(ZL‘ + A /2 + 4)n+1 _ (I’ — /2 + 4)n+1

Foi(z) = i ;

and the Fibonacci numbers are

1 ((1+v5\" [1-v5\
()

which has been presented in Example 1.
Finally, for A = C' =1 and y = 2, we have Fermat polynomials of
the first kind:

(z + Vo2 = 2)" — (2 — /a2 = 2)"H!
2/12 — 2 ’

where 22 # 2. From the expressions of Chebyshev polynomials of the
second kind, Pell polynomials, and Fermat polynomials of the first kind,
we may get a class of the generalized Gegenbauer-Humbert polynomials
with respect to y defined by the following which will be parameterized.

Q.11 <x> =

Definition 1.4 The generalized Gegenbauer-Humbert polynomials with
respect to y, denoted by Péy)(:r) are defined by the expansion

n>0

(1 — 2zt +yt*) ' = PW (z)t",

or by
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with P(x) = 1 and PY(z) = 2z, where * # y. In particular,
Pf,g_l)(x), Pél)(x) and P (x) are respectively Pell polynomials, Cheby-
shev polynomials of the second kind, and Fermat polynomials of the first
kind.

In the next section, we shall parameterize the function sequences
defined by (3) and number sequences defined by (1) by using the idea
of [18]. The application of the parameterization will be applied to con-
struct the corresponding hyperbolic form of several well-known identi-
ties.

2 Hyperbolic expressions of parametric poly-
nomial sequences

Suppose ¢(x) = b, a constant, and re-write (5) as

an ()
_ (@) —B@a(@) .y a(@) —al@)ag(@) b
B a(z) — Bz () alz) — Bz F'(@)
_ ao(x)(@" () — B (@) + (ar(@) — ao(x)p(2))(a”(z) — B"(x))
a(z) — B(z) ’

where we assume a(z) # [(z) due to the reason shown below.
Inspired by [18], we now set

(o), Blz)) = { (Vbe @, —v/be™*@), for b >0,
) (\/__b69(a:)7 \/__be—e(x)% for b < 0,

for some real or complex value function § = 6(x). Thus one may have
a(x) - B(z) = —b and

(10)

2v/bsinh(A(x)),  for b> 0,

a(r) + f(x) = p(x) = { 2v/—bcosh(0(z)), for b <0,

(11)

which implies
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sinh™ <()) for b>10
o) = { cosh™ ( \/i > for b <. 12
0

For b > 0, substituting expressions (10) into the last formula of (9)

yields

8 (a0(@)Vbeosh((n + 1))
(&) = +(ay(z) — 2a0(x)V/bsinh(6)) sinh(nﬁ)) , for even n,
T e (@) VBsinh((n + 1)6)
+(ay(z) — 2a9(x)v/bsinh(6)) cosh(n@)) , for odd n,
(13)
where § = sinh™!(p(z)/(2v/b)). Still in the case of b > 0, substituting

(10) into the formula before the last one shown in (9), we obtain an
equivalent expression:

an(z)

{b&gzm@HMWHH@M@w%WD9,fwwmm

il P (x) coshnf + Vbag(x) sinh(n — 1)8) ,  for oddn,

cosh 6

(14)

where 6 = sinh ™ (p(z)/(2v/D)).

Similarly, for b < 0 we have

(—b)(n=1)/2
sinh(0)

(a1 () — 2a0(2)v/—bcosh(8)) sinh(n@)) . (15)

<a0(:1:)\/—_b sinh((n + 1)0)

an(z)

or equivalently,

B (_b)(n—l)/Z
w0 = e
where § = cosh™'(p(z)/(2v/=D)).

We survey the above results as follows.

(a1(x) sinhnf — ag(x)v/—bsinh(n — 1)8),  (16)
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Theorem 2.1 Let function sequence a,(x) be defined by

an(z) = p(x)an—1(x) + ba,—o(x) (17)

with initials ag(z) and ai(x), and let function 0(z) be defined by (12).
Then the roots of the characteristic function t*> — p(x)t —b can be shown

as (10), and there hold the hyperbolic expressions of functions a,(z)
shown in (13) and (14) for b >0 and (15) and (16) for b < 0.

Let us consider some special cases of Theorem 2.1:

Corollary 2.2 Suppose {a,(x)} is the function sequence defined by
(17) with initials ag(x) = 0 and ay(x), then

_ i en-1)2 sinh(2n)0
a2n(®) = b () coshf '
o cosh(2n + 1)0
a2n+1($) = b al(m)COST (18)
for b >0, where § = sinh™ (p(z)/(2Vb)); and
an(a:) _ (_b)(nfl)/2a1<x> sinh né (19>

sinh 0
for b < 0, where § = cosh™*(p(x)/(2v/—D)).

Example 2.1 Let {F,(kz)} be the sequence of the generalized Fi-
bonacci polynomials defined by

Foio(kx) = kaFyq (ko) + F(kx), ke R\{0},
with initials Fy(kz) = 0 and Fj(kx) = 1. From Corollary 2.2, we have

sinh 2n0
coshd ’

, cosh(2n + 1)0
Fopiq(kz) = Fopyq(2sinh ) = —————
ont1 (k) 2n+1(2sinh 0) cosh 6
when & = 2 which are (6) and (7) shown in [6]. Obviously, from

the above formulas and the identity coshz + coshy = 2cosh((z +
y)/2) cosh((x — y)/2), there holds

Fo(kx) = Fp,(2sinh 0) =
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Foni1(kz) + Fop—1(kz) = 2 cosh(2n6),

which was given in [6] as (8) when k = 2. Identity (9) in [6] is clearly
the recurrence relation of {F),(2z)}. The expressions of Fy, and Fy, 4
can also be found in [13] with a general complex form

1 Sinhnz

F.(x)=1

sinh z ’

where x = 2¢ cosh z.

Corollary 2.3 Suppose {a,(x)} is the function sequence defined by
(17), an(z) = p(x)an—1(x) + ban_o(x) (b > 0), with initials ay(z) = c,
a constant, and a,(x) = p(x), then

,cosh(2n —1)6
cosh 6

onsr () = 20" 2 sinh(2n + 1)0 4 (¢ — 2)b™ T/

azn(x) = 20" cosh(2n0) + (¢ — 2)b

,sinh 2nd

2
cosh @ » (20)

where O(x) = sinh™(p(z)/(2vD). If {an(x)} is the function sequence
defined by (17), a,(x) = p(x)an_1(z) + ba,_2(x) (b < 0), with initials
ag(x) = ¢, a constant, and a;(x) = p(z), then

(—b)=D/2

W(Z cosh @sinhnf — cv/—bsinh(n — 1)0),  (21)
in

an(z) =

where 0(z) = cosh™ ' (p(z)/(2v/~D)).

Proof. Substituting ao(z) = ¢, ai(x) = p(z) = 2v/bsinh @ into (14)
yields

'

- cosh 6

V2

agn () [2sinh 0 sinh(2nf) + ccosh(2n — 1)6],

agni1(T) [2sinh 6 cosh(2n + 1)0 + csinh(2n6)] .

- cosh 6

Then in the above equations using the identities
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cosh 6 cosh(2n#) — sinh 6 sinh(2n#) = cosh(2n — 1)6,
cosh f sinh(2n + 1)0 — sinh 6 cosh(2n + 1)# = sinh(2nf),

respectively, we obtain (20). Similarly, using (16) one may obtain (21).

Example 2.2 Since the generalized Lucas polynomials are defined by
L,(kx) = kaxL,_1(kx) + L,_o(kx) with the initials Lo(z) = 2 and
Ly(z) = kz, from Corollary 2.3 we have

Lon(kx) = Loy (2sinh @) = 2 cosh(2n6),
L2n+1(k5$) = L2n+1(2 sinh 6)) =2 smh(?n + 1)9

[13] also presented a general complex form of L,(x) as

L,(z) = 2i" coshnz,
where x = 27 cosh z.

Example 2.3 In 1959, Morgan-Voyce discovered two large families of
polynomials, b, (z) and B,(z), in his study of electrical ladder networks
of resistors [23]. The recurrence relations of the polynomials were pre-
sented in [19] as follows.

Bn(x) = (x 4+ 2)By_1(x) — By_a(x), n>2,
where By(z) =1 and B;(z) = x + 2, while

bo(2) = (x + 2)by_1(x) — by_2(x), n>2,
where by(x) = 1 and b;(z) = = + 1. It can be found that

by(x) = B,(z) — Bu_1(x),
By (z) = byt1(z) — bp().
Using Corollary 2.3, it is easy to obtain the hyperbolic expressions of

B, (x) and b, (x). From (21) in the corollary and noting By (x) = z+2 =
2 cosh @ and By(x) = 1, we have
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sinh(n 4+ 1)0

sinhg ’
Similarly, substituting by(z) = x + 1 = 2coshf — 1 and by(z) = 1 into
(16) yields

Bn(x) = x = 2coshf — 2.

sinh(n 4 1)0 — sinhnf  cosh(2n 4 1)60/2
sinh 0 B coshf/2

by(x) = x = 2coshf — 2.

We now consider the generalized Gegenbauer-Humbert polgznonual
sequences defined by (7) with A = C' = 1 and denoted by P,’
PMC(z). Thus

PW(x) = 20 PY, (x) — y P, (), (22)

n

P (x) =1 and PY(2) = 2. We use the similar parameterization
shown above to present the hyperbolic expression of those generalized
Gegenbauer-Humbert polynomial sequences.

Corollary 2.4 Let P ( ) be defined by (22) with initials P ( ) =1
and Pl(y)( )=2x. Ify <0, then

h(2n+1)0
P () = ()OS
) (1) = (_y)nri/2Sinh2n +2)6

where O(x) = sinh™ ! (p(x)/(2\/—y). If y > 0, then
_nesinh(n 4 1)0
B sinh 0
where 0(x) = cosh(_l)(p(x)/@\/@).

Proof. A similar argument in the proof of (20) with b = —y and ¢ = 1
can be used to prove (23):

cosh(2n — 1)0
cosh 0

" ) n sinh 2n0
Py () = 2(=y)" "2 sinh(2n + 1)f — (—y)" A=,

P (x) = 2(—y)" cosh(2nf) — (—y)"
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where 0(z) = sinh ' (p(z)/(2\/—¥), which implies (23) due to the iden-
tities cosh(2n + 1)0 + cosh(2n — 1)8 = 2 cosh(2n#) cosh § and sinh(2n +
2)0 + sinh(2n6f) = 2sinh(2n + 1)8 cosh . To prove (24), we substitute
—b =1y, and a,(x) = 2z = 2,/ycosh @, and ay(r) = 1 into (16). Thus

n/2

PT(LZ/) () = siynh p (2 cosh @ sinh nf — sinh(n — 1)0)

njeSinh(n +1)0
sinhf '
where 6(z) = cosh™'(z/,/y) and the identity sinh(n + 1)0 + sinh(n —
1) = 2sinh nf cosh @ is applied in the last step.

Example 2.4 Using Corollary 2.4 one may obtain the following hyper-
bolic expressions of Pell polynomials P, (x) = piY () and the Cheby-
shev polynomials of the second kind U, (z) = PV (x):

~_ cosh(2n +1)0

Pon(x) = cosh 8
sinh(2n + 2)0
P2n+1($) = wa

where #(z) = sinh™!(x), and

_ sinh(n +1)¢
Unlo) = —ma

where 6(z) = cosh™!(x).

Example 2.5 Finally, we consider the Chebyshev class of polynomials
including the polynomials of the first kind, second kind, third kind, and
fourth kind, denoted by T, (x), U,(x), V,(z), and W, (), respectively,
which are defined by

(25)

an(z) = 2zap-1(x) — ap-o(x), n>2, (26)

with ag(z) = 1 and ay(z) = z, 2z, 2x—1, 2z+1 for a,(x) = Th(x), Uy(x),
Vo(x), and W, (z), respectively. Noting among those four polyno-
mial sequences only {U,(x)} is in the generalized Gegenbauer-Humbert
class, which has been presented in Example 2.3. From (16) there holds
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1
T.(z) = e(x sinhnf — sinh(n — 1)6),

sinh

where z = cosh 6 due to § = cosh™ z. By using this substitution and
the identity sinh(n — 1) = sinhnf cosh @ — cosh nf sinh § we immedi-
ately obtain

T, (x) = T, (cosh ) = coshnb.

Similarly,

cosh(n +1/2)0
cosh(9/2) '
sinh(n +1/2)6
sinh(0/2)

Vo(x) = Vy(cosh0) =

W, (z) = W, (cosh0) =

A simple transformation 6 + 46, i = \/—1, leads cos(if}) = cosh 6
and sin(i#) = —sinhd. Thus from the trigonometric expressions of
T.(z), U,(z), Vo(z), and W, (x) shown below, one may also obtain their
corresponding hyperbolic expressions by simply transforming 6 — 6,
respectively.

B _ sin(n +1)0
T, (cosf) = cosnd, Up(cost) = e~
cos(n +1/2)6 sin(n + 1/2)6
0) = ————F—~— 0) = ————
V. (cos0) cos(072) W, (cos ) sin(0)2)

3 Hyperbolic expressions of parametric num-
ber sequences

Suppose {a,} is a number sequence defined by (1), i.e.

(p = AQp_1 + bay_o, N> 2, (27)

with the given initials ap and a;. From [12] (see Proposition 1.1), the
sequence defined by (27) has the expression
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(Io(Oén+1 _ Bn-i—l) + (al _ CL()CL)(Oén _ ﬁn)

a—p
a1 — Pag a; — aayg
= ——a"————f" > 2 28

where o and 3 are two distinct roots of characteristic polynomial t? —
at — b. Similar to (10) we denote

(\/1_769, —\/l_)e_@) for b >0,
(a(0),B(0)) = (vV/=be?,v/—be™?) forb<0,a>0, (29)
(—V=be’, —/=be™®) for b<0,a<0,

for some real or complex number 6. Thus we have

2v/bsinh(6) for b >0,
al) =a+p=<¢ 2¢/—=bcosh(d)  forb<0,a>0, (30)
—2y/—bcosh(f) for b<0,a<0,

and define a parameter generalization of {a,(0)} as

2vbsinh(0)an_1(0) + ban_o(0) for b>0,
an(0) = ¢ 2v/—bcosh(f)a,_1(0) + ba,_2(0)  for b<0,a>0,
—2v/—bcosh(0)a,_1(0) + ba,_o(0) for b<0,a<0
(31)
with initials ag(f) = ap and a,(f) = a; when ap = 0 or a;(f) = when
ag # 0. Obviously, if

sinh™! (m) for b >0,

6= cosh! ijb for b<0,a>0, (32)
cosh™! 2\7% for b<0,a<0,

{a,(0)} is reduced to {a,}.
For b > 0, substituting expressions (29) into the second expression
of a, in (28), we obtain
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a,(0)
_ pnD)2 ai (e — (=1)"e™) + Vbag(e VI 4 (—1)ne(n10)
a el +e?
(33)
b(;;:gﬂ a; sinh nf + vbag cosh(n —1)8), ifniseven,
| 22 (aicoshnd + Vbagsinh(n — 1)0) , if nis odd,

where § = sinh ™ (a/(2v/D)).
Similarly, for b < 0 we have

G
S (a0 Dsinh((n +1)0)
+(a1 — 2a0v/—bcosh()) sinh(nb)) for a >0,
- (—V=b >n ! (35)
— (—aoV/—bsinh((n + 1)6)

sinh (6

h(
+(a1 + 2ag\v/—bcosh(6)) sinh(nf)) for a <0,

or equivalently,

b)(n 1)/2a1(e” 0—e~ %) —qg/=b(e(P 1 _—(n—1)0) fOT(Z >0,

0 _o 0

(—

{ (_\/__b)nflal(e 9_efne)_,’_a(;\g/jg(z(nf1)6_ef(n71)0) fo’]“a, < 0’
(
(

M(al sinhnf — ap/—bsinh(n — 1)0) fora >0,
- ) (36)
5 (arsinhnf + agv/—bsinh(n — 1)) fora <0,

where 6 = cosh™'(a/(2v/—b)) when a > 0 and cosh™'(—a/(2v/~b))
when a < 0.
If the characteristic polynomial t?> —at — b has the same roots a = §3,

then a = +2v/—b, a = f = £v/—b, and
an = nay (£vV—=0)"" — (n — 1ag(£V—b)". (37)

We summarize the above results as follows.
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Theorem 3.1 Suppose {a,}n>0 is a number sequence defined by (27)
with characteristic polynomial t> — at — b. If the characteristic poly-
nomial has the same roots, then there holds an expression of a, shown
in (87). If the characteristic polynomial has distinct roots, there hold
hyperbolic extensions (51) or (52) for b > 0 and (36) or (36) for b < 0.

Example 3.1 [18] gave the hyperbolic expression of the generalized
Fibonacci number sequence {F,,(0)} defined by

Fn((‘)) = 2sinh HFn_1<9) + Fn_g(e), n Z 2,

with initials Fy(f) = 0 and Fy(f) = 1. From Theorem 3.1, one may
obtain the same result as that in [18]:

en@ o (_1)ne—n9
e +ef
{ sinhnf = £ 1 is even;

Fa(0) =

CO;

cosi?r?@j : .
o hgs Uf nisodd,

(38)

Similarly, for the generalized Lucas number sequence {L,(6)} de-
fined by

L,(0) =2sinhOL,_1(0) + L,,—2(0), n>2,
with initials Ly(€) = 2 and L;(0) = 2sinh §, we have

2cosh(nf), if nis even;

Ln(0) = e + (_1)116*”9 - { 2sinh(nf), if nis odd. (39)

Example 3.2 [9] defined the following generalization of Fibonacci num-
bers and Lucas numbers:
& — qn
n=—"—, ly=c"+d" 40
4 c—d o (40)
where ¢ and d are two roots of 2 — st — 1, s € N. Denote A = 52 +4
and a = Inc, where ¢ = (s + /52 +4)/2. Then the above expressions
are equivalent to

1f B 6om _ (_1)n€—an 1€ B eom_|_ (_1)n€—an
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It is obvious that by transferring ¢ +— € and d — —e™? that two ex-
pressions in (40) are equivalently (38) and (39), respectively, shown in
Example 3.1, which are obtained using Theorem 3.1 with (a, b, ag, a) =
(s,1,0,1) and (s,1,2,s) for f, and ¢, respectively. Hence, the corre-
sponding identities regarding f,, and ¢, obtained in [9] can be estab-
lished similarly. However, we may derive more new identities as follows.
For instance, there holds

En + an = 2fn+17 (41)

which can be proved by substituting s = ¢/ — e = 2sinh 6 into the
left-hand side. Indeed, for even n, from Example 3.1

sinhnf _cosh(n +1)0
coshf cosh 6

by + sfn = 2cosh(nf) + 2sinh 6

and similarly, for odd n, £, + sf, = 2sinh(n+1)8/ cosh 6, which brings
(41). When s = 1, (41) reduces to the classical identity L, + F,, =
2Fn+1-

From the above examples, we find many identities relevant to Fi-
bonacci numbers and Lucas numbers can be proved using hyperbolic
identities. Here are more examples.

Example 3.3 In the identity

sinh 2nf = 2 sinh né cosh n#
substituting (38) and (39), namely, sinh 2nf = cosh 0 F5,(f) and

. _f cosh F,(8), if niseven,
sinhnf = { sL,(0), if nis odd,
2L, (0) if nis even
— 2—n ’ )
coshnf) = { cosh® F,(6), if nis odd,

we immediately obtain

Fy,(0) = F.(0)L,.(0).

Similarly, since sinh(m +n)0 = cosh 0 F,,1,(0) when m +n is even,
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: 2cosh® F,(0)L,(0), if m and n are even
_ 2 m n Y Y
sinhmf coshnf = { Lcosh@ F,(0)L,,(0), if m and n are odd,

2

and

: 2cosh® F,(0)L,(0), if m and n are even
_ 2 n m Y Y
coshm®sinhnf = { Lcoshd F,(0)L,(0), if m and n are odd,

2

from identity

sinh(m + n)# = sinh m# cosh nf + cosh md sinh né (42)

we have

2F 0 n(0) = Fp(8) L (8) + Fo(8) Lyn(0)

for even m + n.

When m + n is odd, sinh(m + n)f = L,,1,(0)/2, from (42),

cosh? 0 F,,(0)F,(0), if m is even and n is odd,

sinh m0 cosh nf = { iLm<9>L”(9>’ if mis odd and n is even,

and

+L,,(0)L,(9), if mis even and n is odd,

coshmf sinh nf = { cosh? 6 Fo.(0)F,.(0), if mis odd and n is even,

we obtain

2L (0) = Frn(0)Fn(0) + Lin (0) L (0).-
More examples can be found in [25].

Our scheme may also extend some well-know identities to their hy-
perbolic setting.

Example 3.4 [7] considers equation t* —at+b = 0 (b # 0) with distinct
roots t; and t, i.e., A% = a? — 4b # 0, and defines a sequence {g, } by
Gn = agn_1 — bgn_o (n > 2) with initials go and g;. If the initials
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are 0 and 1, the corresponding sequence is denoted by {r,}. Denote
Sp, =17+ 15 and A = a® — 4b. Then [7] gives identities

Tn=—0"r_,, $,=0"s_,, (43)
s2 = Ar? +4b", (44)
SnSni1 = ArpTaey + 2ab",, (45)
20"y =18, — TpS;, (46)
Tjgn = TnSj + 0"1j_p., (47)

(1)

We now show all the above identities can be extended to the hyperbolic
setting. For b > 0, from (36) there holds

né —nb n—1)/2
r, = (b)(n—l)/Qe — € _ (b)( )/

= inh nf 49
el — e sinh 6 ST, (49)

and similarly,

S$n = 20™% cosh nb), (50)

where § = cosh™(a/(2VD)).
For b > 0, substituting expressions (29) into (28), we obtain

an(6)
_ pn-D/2 ar (e — (=1)"e) 4+ Vbag(e 10 4 (—1)"e~(=1)0)
B e +e?
(51)
b(;:em ay sinhnf + vbag cosh(n — 1)0) , if nis even5< )
- 52
Wi (i coshnd + Vbagsinh(n — 1)9) . if nis odd,

where § = sinh ™ (a/(2v/D)).
Similarly, for b < 0 we have

=12
a, = %(aox/—_bsinh((n—i—l)ﬁ)

+(ay — 2a9v/—bcosh(h)) sinh(né’)) : (53)
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or equivalently,

(—b)(”*l)m al(ena — e*”H) — \/—bao(e(nfl)é? _ ef(nfl)())
el —e—0

(54)

(—b)n-1/2
= W(al sinhnf — apv/—bsinh(n — 1)0), (55)

where 6 = cosh™'(a/(2v/—D)).
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