Math 215 Fall 2002, Linear Algebra
Exam 2

Name:Key
Answer all questions.

1. Prove that if L :V — W is a linear transformation, then Ker(L) is a subspace

of V.

We need to show that Ker(L) is nonempty and closed under both sums and
scalar multiples. Since a linear transformation must take 0 to 0 we know that
0 € Ker(L). If v7 and v3 € Ker(L) then

L(vy + 05 = L(v1) + Loz =04+0=0

so 07 + v3 € Ker(L). Similarly if k& € R then L(kv;) = kL(v}) = k0 = 0 so
kvi € Ker(L) Thus Ker(L) is a subspace of V.

2. The vector space R[z| has {1,z,2? 23 ...} as a basis. Notice that this set is
infinite and can be used to produce a linearly independent finite set of polyno-
mials with any number of members. Show that there cannot be a finite set of
polynomials which spans R[z].

Suppose we had a set of polynomials {p;(z) ... pm(z)} which spanned R[z]. The
set {1,z,...2™} is linearly independent. Since the number of elements in any
spanning set must be greater than or equal to the number of elements in any
linearly independent set this tells us that m > m+ 1, which is impossible. Thus
no finite spanning set can be found for R[z], hence also no finite basis.

3. Show that the set of solutions to the equation

f(@) = Di[fl(z - 2)

is a vector space.

The set of solutions is the kernel of the operator taking f(z) to f(x)— D2[f](z—
2) . This operator is linear because it is built from the identity operator, dif-
ferentiation, and the operator taking f(z) to f(z — 2) (all of which we know to
be linear) using addition and composition.

4. Give an example of two subspaces of Z3, A and B, such that ANB = {[0,0,0]}
and A U B is not a subspace.



The following will do the trick:
A ={[0,0,0],[1,0,0]}

B = {[0,0,0], [0, 1,0}
Both of these are closed under addition but the union A U B is not.

. Show that the function L from the space of continuous functions from R to R
to the space of differentiable functions from R to Rgiven by

_ /Otf(x)e_”“ dr

is a linear transformation. 5 Points
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Thus L is linear.

. The following matrices result from the applying Gaussian elimination to the
augmented matrix from a system of linear equations in the variables z; ... x5.

What do they tell you? (5 Points Each)

1 00 -1 01
010 3 02
@ |oo1 2 03
000 O 1 4
0O 00O 0O 0O

Ty —x4 = 1

$2+3ZE4 = 2

I3+2$4 = 3

T 4

x4 1is arbitrary



] No solutions because of fourth row.

1101020
0011030
000O0T132®0
000O0O0O01
000O0O0O0®O

(b) (
7. Do the next step in the Gaussian elimination with backsolving algorithm:

(5

Points Each)
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8. The matrix

1 3 31 0 2 —-1100000
2 2 2 0 6 3 —-1010000
3 -1 11 112 =5 =6 00 1 0 0 0
4 1 10 015 6 1 000100
5 1 13 118 10 5 000010
6 2 14 5 17 1 -2 000 0 0 1
Row reduces to
10 3 0 4 0-100 2 2 —(3) — (&)
01 -20-10-100 —(32) £ —(2)
00 0 1 -10 1 00 —(5) —(3) = =
000001100—(%)—(%) = —(%)
00 0 0 0 0 0 10 2 (28 =2 —(2
00 0 0 0 0 0 01 & —(£ o — ()

(5 Points Each)

(a) Isthe set of vectors {[1, 2, 3,4, 5,6, [3,2,-1,1,1,2],[1,0, 1,0, 1, 5], [0,6, 12,15, 18, 17|}
linearly independent?
These are columns 1,2,4, and 5 of the origianal matrix. The row reduction
shows that column 5 can be written as a linear combination of columns
1,2, and 4, so no , this set is not linearly independent.

(b) Does theset {[1,2,3,4,5,6],[3,2,—1,1,1,2],[1,0,1,0,1,5],[0,6,12,15, 18, 17],
[-1,-1,-6,1,5,2],[1,0,0,0,0,0],0,1,0,0,0,0]} span R*?
Best make that R These are columns 1,2,4,5,7,8, and 9 of the original
matrix. In the row reduced matrix if we took columns 1,2,4,5,7,8, and 9
we would have all columns spanned, so the answer is yes.

(c) Give a basis for R* extending {[1,2, 3,4, 5,6], [3,2,—1,1,1,2]}. Again make
that R~ columns 1,2,4,6,8, and 9 of the original matrix will do the trick.

9. (a) Prove that composition distributes over addition for linear transformations.
(7 Points)

Lo (M + N)(@) = LOM() + N(@) = LM(@) + LN (D))
by linearity of L. This shows that L)o (M + N)=Lo M + Lo N.

4



(b) What result does this give for matrices? (3 Points)

Matrix multiplication distributes over matrix addition.



